DAMTP/04-51 
hep-th/0407060 



Superconformal Ward Identities and their Solution 



M. Nirschl and H. Osborn^ 

Department of Applied Mathematics and Theoretical Physics, 
Wilberforce Road, Cambridge CB3 OWA, England 



Superconformal Ward identities are derived for the the four point functions of chiral 
primary BPS operators for J\T = 2, 4 superconformal symmetry in four dimensions. 
Manipulations of arbitrary tensorial fields are simplified by introducing a null vector 
so that the four point functions depend on two internal _R-symmetry invariants as 
well as two conformal invariants. The solutions of these identities are interpreted 
in terms of the operator product expansion and are shown to accommodate long 
supermultiplets with free scale dimensions and also short and semi-short multiplets 
with protected dimensions. The decomposition into i?-symmetry representations is 
achieved by an expansion in terms of two variable harmonic polynomials which can 
be expressed also in terms of Legendre polynomials. Crossing symmetry conditions 
on the four point functions are also discussed. 

PACS no: 11.25.Hf, 11.30.Pb 

Keywords: Superconformal symmetry, Chiral primary operators, Correlation func- 
tions, Operator product expansion. 



t address for correspondence: Trinity College, Cambridge, CB2 1TQ, England 
emails: mn244@damtp . cam .ac.uk and ho@damtp . cam .ac.uk 



1. Introduction 



Since the discovery of the AdS/CFT correspondence there has been a huge resurgence 
of interest in superconformal theories in four dimensions, for a review see [Q . In particular 
for the M = 4 superconformal SU(N) gauge theory, to which the AdS/CFT correspon- 
dence is most directly applicable, many new and exciting results have been obtained. Much 
has been discovered concerning the spectrum of operators and their scale dimensions both 
in the large N limit, through the supergravity approximation to the AdS/CFT correspon- 
dence, and also perturbatively as an expansion in the coupling g. 

Of the operators present in the the theory the simplest are the chiral primary operators 
belonging to SU(4)r i?-symmetry representations, with Dynkin labels [0,p, 0]. These are 
represented by symmetric traceless rank p tensors formed by gauge invariant traces of 
the elementary scalar fields and satisfy BPS like constraints so that they belong to short 
supermultiplets of the superconformal group PSU(2, 2|4). They are therefore protected 
against renormalisation effects and have scale dimension A = p. Their three point functions 
have been fully analysed @. For the case of p = 2, when the supermultiplet contains the 
energy momentum tensor, the four point functions have been found both perturbatively || 
and in the large N limit ||. Such results have also been extended more recently to chiral 
primary operators with p = 3, 4 P,^J^]. The explicit results for the four point correlation 
functions has then allowed an analysis of those operators which contribute to the operator 
product expansion for two chiral primary operators Pj9|, |iT||TT| . |T^ , p||Tf . 



To take the analysis of the operator product expansion of correlation functions beyond 
the lowest scale dimension operators for each SU(4)r representation it is necessary to have 
an explicit form for the conformal partial waves which give the contribution of a quasi- 
primary operator of arbitrary scale dimension and spin and all its conformal descendants 
to conformally covariant four point functions. In four dimensions a simple expression was 
found in |[L5| . In addition since all operators in a superconformal multiplet must have the 
same anomalous dimensions it is desirable to have a procedure for analysing the operator 
product expansion for each supermultiplet as a single contribution. This depends on a 
solution of all superconformal Ward identities since this should allow all possible operator 
product expansion contributions to be found in a form compatible with the superconformal 
symmetry. For the simplest case of the four point function for [0, 2, 0] chiral primary 



operators this was undertaken in and applied to determine the one loop anomalous 



dimensions for all operators with lowest order twist two. 



The procedure adopted in [16| is somewhat involved and does not simply generalise to 



correlation functions of more general chiral primary operators. As was shown in [16] the 



superconformal Ward identities are simplified if they are expressed in terms of new variables 
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x, x rather than the usual conformal invariants. In terms of the standard correspondence 
for the space-time coordinates x a — > x = x a a a , where x is a 2 x 2 spinorial matrix such 
that detx = — x 2 , then, for four points xi,X2, £3, X4 and X{j = Xi —Xj, x, x may be defined, 
as shown in [17], as the eigenvalues of X12 X42 _1 X43 X13 . By conformal transformations 



fx \ 

we may choose a frame such that X2 = 0, X3 = 00, X4 = 1 and xi = I J . The two 

conformal invariants are then given in terms of x, x, by@, 

U = det(xi2X42" 1 X43Xi 3 " 1 ) = xx, 

(1.1) 

v = det(l - X12X42 ^43X13 x ) = det(xi 4 x 24 X23X13 x ) = (1 - x)(l - x) . 

For a Euclidean metric on space-time x, x are complex conjugates. In our analysis we find 
that the linear equations which follow from superconformal invariance naturally separate 
into ones involving just x and conjugate equations with x — > x. 

A technical complication in dealing with arbitrary chiral primary operators repre- 
sented by symmetric traceless tensorial fields <p ri ...r * s that the four point function for 
four chiral primary fields, for arbitrary Pi,P2,P3,P4, involves in general a proliferation of 
independent tensorial invariants as the pi are increased. The construction of projection 
operators corresponding to different /^-symmetry representations also becomes a non triv- 
ial exercise. Such tensorial complications in the analysis of superconformal Ward identities 
and also in applying the operator product expansion are avoided here by taking 

(f ri ...r p (x) ~> ip {p \x,t) = <p ri ...r p (x)t ri ...t rp , (1.2) 

where t is an arbitrary complex vector satisfying! 

t 2 = 0. (1.3) 



(For a more mathematical discussion of using such vectors for the treatment of representa- 
tions of SO(n) see []T%|] , see also appendix A in JHJ). Clearly <p ri ...r p can be recovered from 
(p(p). The four point function then becomes a homogeneous polynomial in t\, t^-, £3,^4, of 
respective degree Pi,P2)f>3)P4) invariant under simultaneous rotations on all t^s. Due to 

1 Since 1 + u — v = x + x and 1 + u 2 + v 2 — 2uv — 2u — 2v = (x — x) 2 it is easy to invert these 
results to obtain x, x in terms of u, v up to the arbitrary sign of the square root v/ (x — x) 2 . For any 

f(u,v) there is a corresponding symmetric function f(x,x) = f(x,x) such that f(x,x) = f(u,v). 

2 Such null vectors may also be motivated by considering the harmonic superspace approach 

and were used similarly for instance in |6|,|5| . Our application is independent of the harmonic super- 
space formalism and is essentially motivated just by the requirement of simplifying the treatment 
of arbitrary rank symmetric traceless tensors, we do not anywhere consider the conjugate of t. 
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the condition (|T]*|) for each t{ the conformally covariant four point function is reducible to 
an invariant function T{u, v; a, r) with a, r the two independent invariants, homogeneous 
of degree zero in each £j, which are analogous to the conformal invariants u, v, 

a = , t = . (1.4) 

In general !F(u, v; a, r) is a polynomial in a, r, with degree determined by the pi, where the 
number of independent terms match exactly the number of tensorial invariants necessary 
for the general decomposition of the four point function for the corresponding symmetric 
traceless tensorial fields, for Pi = p there are l)(p + 2) terms. 

Just as the invariants u, v are expressed in terms of x, x it is convenient to write a, r 
in a similar form involving new variables a, a, 

a = aa , r = (1 — a)(l — a) . (1-5) 

For the M = 2 case further restrictions impose a = a. The superconformal Ward identities 
are then simply expressed in terms of F(x,x;a,a) = T{u, v; a, r), with T symmetric in 
x,x and also a symmetric polynomial in a, a. The superconformal identities constrain 
T[x, x; a, a) for a = 1/x to be expressible only in terms of a function involving x and a 
(for M = 2 just a single variable function of x appears) . Taking into account the symmetry 
conditions the unconstrained or dynamical part of T is therefore of the form 

T{u, v; a, r) dynauiical = (ax - l)(ax - l)(ax - l)(ax - 1) H(u, v; a, r) , (1.6) 

with TC(u, v; a, r) = H(x, x; a, a) a polynomial in a, r, or a, a, of reduced degree. In the 
Af = 2 the corresponding result is 

T{u, v;a, r) dynamica i = (ax-l)(ax-l) H(u, v; a, r) , H(u,v;a,r) = H(x,x;a) . (1.7) 



Similar results were previously obtained by Heslop and Howe []l7fl based on expansions 
in terms of Schur polynomials for S77(2,2|2) and PSU(2, 2|4)i. Using the formalism of 
harmonic superspace |20]| also provides a method for deriving superconformal identities 



which are equivalent to those obtained here. 

These results have a natural interpretation in terms of the operator product expansion 
when the four point function is expanded in terms of conformal partial waves correspond- 
ing to operators with various scale dimensions A and spins £ belonging to the various 



3 In eq. (49) of |Tj S 02 q{Z) = {Xi - Yi)[Xi - Y 2 )(X 2 - Y l ){X 2 - Y 2 ) which appears as an 
overall factor in the Schur polynomial for long representations. 
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possible representations of the .R-symmetry group. The conformal partial waves are ex- 



plicit functions of u, v, more simply given in terms of a;, x |HJ. To disentangle the different 
.R-symmetry representations the correlation functions are also expanded in terms of two 
variable harmonic polynomials corresponding to the possible .R-symmetry representations 
which may be formed. Explicit simple expressions are found here for these harmonic poly- 
nomials in the M = 4 case using the variables a, a (for M = 2 they reduce to a single 
variable Legendre polynomial) . If 7i in (|1.6| ) is simultaneously expanded in such harmonic 
polynomials and conformal partial waves then the factors multiplying TC, for each term in 
the expansion, through various recurrence relations generate contributions corresponding 
to all operators belonging to a single superconformal long multiplet. For such a long mul- 
tiplet the scale dimension has only a lower bound due to unitarity and, in a perturbative 
expansion, 7i therefore includes dynamical renormalisation effects leading to anomalous 
scale dimensions. The remaining parts in the solution of the superconformal identities 
which involve functions of x or x are also analysed here. For M = 2 there is a single vari- 
able function f(x) whereas for M = 4 the superconformal identities allow for f(x, a), which 
is polynomial in a and satisfies the constraint that it is a constant k when a = 1/x. These 
functions correspond to semi-short multiplets with protected scale dimensions, determined 
by I and the .R-symmetry representation, and also in special cases to short multiplets. The 
full set of possible semi-short supermultiplets are obtained by decomposing long multiplets 
at the unitarity threshold and the short multiplet contributions are realised by extending 
the semi-short results to I = — 1, —2. 

The superconformal Ward identities are most powerful for four point functions which 
are extremal, so that there is only one possible SU(4)r invariant coupling, or next-to- 



extremal when there are just three invariant couplings. Various calculations [^T| have 
shown that the correlation functions are identical with the results obtained in free field 
theory. The superconformal Ward identities for the extremal case show that the correlation 
function depends only on the constant k whereas the next-to-extremal case is given just by 
the function f(x,a), without any dynamical contribution of the form exhibited in ( |1 . 7| ) . 

For four point functions of identical primary operators there are further constraints 
arising from crossing symmetry which corresponds to the permutation group S3. In such 
four point functions 1S3 acts on u, v and also cr, r so that T{u, v; cr, r) is invariant up to 
an explicit overall factor. All invariant contributions to T may be formed by combining 
S3 irreducible representations constructed from functions of w, v and also a, r. Crossing 
symmetry further constrains the single variable functions f(x) or f(x,a) that arise in 
solving the superconformal Ward identities. We argue here, based on superconformal 
representation theory and analyticity requirements, that these can be extended to a fully 
crossing symmetric contribution to F{u, v; a, r) in terms of two variable crossing symmetric 
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polynomials which are constructed here. These essentially correspond to generalised free 
field contributions to the correlation function. A similar discussion is also applicable to 
the next-to-extremal correlation function in the case of thee identical operators and there 
is still a 1S3 symmetry. 

In detail the structure of this paper is then as follows. In section 2 we derive the 
superconformal Ward identities for Af = 2 superconformal symmetry and these are applied 
in section 3 by analysing the contributions of different supermultiplets in the operator 
product expansion. The discussion is extended to the Af = 4 case in sections 4 and 
5. For the operator product expansion it is shown how there are potential contributions 
from non-unitary semi-short supermultiplets although they may be cancelled so that only 
unitary multiplets remain. In section 6 we take into account the restrictions imposed by 
crossing symmetry making use of 1S3 representations. In section 7 we summarise some 
results obtained previously for large iV in the framework of this paper and a few comments 
are made in a conclusion. Various technical issues are addressed in four appendices. In 
appendix A we discuss how derivatives involving the null vector t r are compatible with 
t 2 = 0. In appendix B we consider two variable harmonic polynomials, depending on a, t 
given in ( |1.4|) , which are used in the expansion of general four point correlation functions. 
Appendix C describes some differential operators which play an essential role in our analysis 
whereas in appendix D we consider non unitary semi-short representations for PSU(2, 2|4) 
which are important in our operator product analysis. 

2. Superconformal Ward Identities, Af = 2 

The algebraic complications involved in the analysis of Ward identities are much 
simpler for Af = 2 superconformal symmetry. In this case the i?-symmetry group is 
just U(2) and discussion of the representations is much easier. In order to facilitate the 
comparison with the Af = 4 case later we consider BPS chiral primary operators which 
belong to representations of SU(2)r symmetry for R = n, an integer. The BPS condition 
requires that the scale dimension A = 2n. Such fields form superconformal primary states 
for a short supermultiplet with necessarily unrenormalised scale dimensions. The fields in 
this case are represented by symmetric traceless tensors <p ri ...r n with = 1, 2, 3. To derive 
the Ward identities we need to consider just the superconformal transformations at the 
lowest levels of the multiplet. First 

<fyn...r n =^ (rii ^ 1 .. T „_ l) +^ (ri .. Tn _ 1 r rn) e, (2.1) 

where ifir 1 ...r Tl _ 1 ai '0iri...r„_id are spinor fields, traceless and symmetric on the indices 
ri . . .r n _i, satisfying, with i = 1,2 and r r the usual Pauli matrices, 

T r lfrri...r n -2 ^ ' '*Pri...r n —2r T r = . (2-2) 
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Thus both if) and ifr belong to SU(2)r representations with R = n — \. In (2T) we have 



e?(x) =e?-i fj i6l 5t &a , = e ld + i^ a rf a . (2.3) 

where ef, fji^, e ia , rf a are the R = | anticommuting parameters for an A/" = 2 supercon- 
formal transformation. In addition to ( |2.1| ) we use 

3lpri...r n — ice '^ad Wi ...r n — 1$ ^~s^ 4 71 ^Pr\ ...r„_is Ts^/a 

71-1 ■ ( 2 - 4 ) 

, t z a _ __ _-r 7" t ^ Q 

T ^n...r„_iad e 2« - 1 ( r i r 2-- r ™-i) sa(i s ' 

where J ri ...r n - 1 aa, a symmetric traceless rank n — 1 tensor, is a = n — 1 current. Using 
( |2.4|) together with its conjugate we may verify closure of the superconformal algebra acting 
on if ri ...r n , 

[Si, $l]<Pn...r n = -v-d<Pn...T n ~ n(a + a) <Pn...r n + nt (r n \s <Pn...r n -i)a , ( 2 -5) 

where v a , which is quadratic in x, and a, a, t rs = —t sr , which are linear in x, are constructed 
from ei,ei,e 2 ,e 2 . 

For the general analysis here we define tp( n '(x,t) as in ( |1 . 2|) , where t r is here 
a 3-vector, and in a similar fashion also ipa ^(x, t) = i/j ri ... rn ia (x)t ri ...t rn l and 

V^q («£) ^) VVi ...r„_id (■^•J ^ri ■ • • ^r„_i while J fl ^ (x, t) . . .r„_ i ad (-^ ) ^ri • • ■ ^r n _ i • 

With this notation ( |2.1|) may be rewritten as 



8(p<> n \t) = er-tV (n_1) (*) + V' (n ~ 1) W^e > (2-6) 

and (|2.4|) becomes 



+ ( 1 -5^i^) J £r 1) w* 4 - 



(2.7) 



A precise form for differentiation with respect to £ r satisfying ( |1.3p is given in appendix 
A. The conditions ( |2.2f) are now 

r~ V& B_1) (*) = , ^^(t) r~ = 0. (2.8) 



4 Thus 4-vectors are identified with 2x2 matrices using the hermitian u-matrices 

a a , u a i C( a <T b) = -r] ab l, x" -> x ad = x a (o- a ) a d, x™ = 3; a (ff a ) Qa = £ a/3 e aP xpp , with inverse 



a: 



-^tr(a a x). We have x-y = x a y a = — |tr(xy), detx = —x 2 , x 1 = — x/x 2 
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The four point correlation functions of interest here then have the form 



(a*, to ^ (x 2 , t 2 ) v {nz) (x 3 , t 3 ) ^ (x 4 , n)> 



„ £-2n 2 -2n 3 r £-2n 3 -2n 4 (2.9) 

2:S :U —F(u,v;t), E = n 1 + n 2 + n 3 + n 4 , 



2ni £-2n 3 
'13 '24 

where 

ry = (xi - Xj) 2 , (2.10) 

and u, v are the two independent conformal invariants, 

n2^34 r 14 r 23 , 011 v 
m= , u= , (2.11) 

ri3 r 24: ri3 r 24 

which is equivalent to ( |1.1| ). F(u,v;t) is also a SU(2)r scalar which is specified further 
later, clearly there is a freedom to modify it by suitable powers of u or v at the expense of 
changing the terms involving in ( |2.9|) . The choice made on ( |2.9|) has some convenience 
in the later discussion. 

The fundamental superconformal Ward identities arise from expanding 

8{^- x \x x M)^\x 2 M)^ nz \x^M)^ nA \^M)) =0, (2.12) 
using ( |2.6| ) and ( |2.7|) . This gives, suppressing the arguments U for the time being, 

— idi aa r~(^\x x ) ^\x 2 ) ^\x 3 ) V9 (n4) (x 4 )> t*{ Xl ) 
n\ at i 

+ 4r~( ¥ ,(«i)( Xl ) ^>(x 2 ) </ n3) (x 3 ) </ n4) (x 4 )) V« 

+ (l - 2^Ti r "^) v^T^i) ^ n2) (^ 2 ) ¥> (ns) (s 3 ) ^ (n4) M> t*(*i) (2.13) 

+ (Vi ni_1) (zi) ^ n2_1) (^) ^ n3) (^ 3 ) ^ n4) (x 4 )> r-f 2 l d (x 2 ) 
+ <^- 1 )(x 1 )^ 2 )(x 2 )^ n3 - 1) (x3)^ 4) M>r-t 3 t d (x3) 
+ <^- 1 )(x 1 ) V P (7t2) (x 2 )^)(a;3)?i n4 " 1) (x4)>r-t 4 l d (x 4 )=0. 



To apply this we make use of general expressions compatible with conformal invariance for 
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each four point function which appears. Thus 

(^- 1 Hx 1 )^i n2 - 1 \x 2 )^\x 3 )^(x 4 )) 

E-2n 2 -2n 3 E-2n 3 -2n 4 / -y y 

= %i — or v-9n, ( x 12ad -^2 H (xi3X34X42)ad S 2 

r 13 r 24 V ri2 ^13^24 



r 



E-2n 2 -2n 3 S-2n 3 -2n 4 / -1 1 \ ("2.14) 

23 '34 ' 1 — 1 " > 



2i y_o„, ( x 13ad -R3 H ( x 14 x 42 x 23) aa S; 



r 13 nir 24 _2n3 V r 13 '-M'2:i 

(£ ni - 1 \x 1 )^\x 2 )^\xs)^t 4 - 1) (x 4 )) 

E-2n 2 -2n 3 E-2n 3 -2n 4 / 1 , 
'23 '34 ' 1 - 1 



- 2Z 2m E-2n 3 ( — X 14aa #4 + ( x 13 x 32 x 24) ad #4 

r 13 r 24 V 14 13 24 

where _R n , S n are functions of it, v and also scalars formed from ti (to verify completeness 
of the basis chosen in ( |2.14j ) we use relations such as X13X34X42 + X14X43X32 = ^4X12). In 
addition we have 

UT^M V {n2 \x2) ^\x 3 ) ^)(X 4 )> 

r S-2n 2 -2n 3 r E-2n 3 -2n 4 ^ (2.15) 

= 2Z — ^ T^T 3 (Xl[ 23 ]ad I + Xi[43]ad J 

r 13 r 24 

for 



Xifj-fei = = — Xij Xik , (2-16) 

1 IJ 1 IK 1 IJ 1 IK 

which transforms under conformal transformations as a vector at X\ and is antisymmetric 
in jk. 

Using (|214|) and (|7L|) in (|2TT3|) , noting that 

idiaa — J^T e a (x x ) + Am r) a = -Ami 2 * 1+1 e a (x 3 ) , (2.17) 

r 13 r 13 r 13 

and di a aU = 2wXi[ 2 3] Q q, <9i qq w = 2t>Xi[4 3 ] Qfi ,, we may decompose ( |2.13|) into independent 
contributions involving e(xi) and e(x 3 ) (note that Xi 2 e(a;2)/ri2 = xi 3 e(x 2 )/ri 3 +X 1 [ 23 ^e(xi) 
and also for x 2 — > x 4 ) giving two linear relations, 

Id ( 1 d \ 

m T 'dfS Xim udu + Xl[43] vdv ^ F + V 1 ~ 2m -l T ' £l T 'ati"J ( Xl[23] 7 + Xl[43] ^ 

+ X 1[23 ] R 2 r-t 2 + X 1[4 3] R 4 t4 4 + (wX 1[2 3] - wX 1[43 ]) (52 r-t 2 - S 4 r-t 4 ) = , (2.18a) 
^ - 2 r- J-F + (R2 + v)S 2 )r-t 2 + R 3 r-t 3 +(R 4 + (l-u + v)S 4 )r-t 4 ^j -i-x 13 

+ (vS 2 r-t 2 + S 3 r-t 3 - vS 4 r-t 4 ) — - — X14X42X23 = . (2.186) 

^14^23 



It is easy to decompose ( [2.18a, b\) into independent equations but crucial simplifications are 
obtained essentially by diagonalising each 2x2 spinorial equation in terms of new variables 
x,x which, as mentioned in the introduction, are the eigenvalues of x i2 X42 _1 X43 X13 . 
These are related to the conformal invariants u,v defined in ( |2.11|) by (|1 . 1| ) . In ( p. 186Q the 
spinorial matrix X4i _1 X42 X32 _1 X3i may be replaced by 1/(1 — x) and in ( |2.18a|) we may 
effectively replace Xi[23] — > 1/x and — > — 1/(1 — x) and in each case also for x — > x. 
Using 

d _ d _ d 2^ 

dx du dv ' 

and the definitions 

T 2 = R 2 +xS 2 , T 3 = R 3 + -^—S 3 , T 4 = Ri + (l-x)S A , K=—I——^ — J, (2.20) 

1 — X x 1 — X 



we may then obtain from ( |2.18a, b ) 



1 d d ( 1 d \ 1 1 

— t— j- F = - 1 - T -h t—)K--T 2 r-t 2 + T 4 t-U , 2.21a 

n\ oti ox \ 2ni — 1 oti J % 1 — x 

2 r-^-F = T 2 r-t 2 + T 3 r-t 3 + T 4 r-t 4 . (2.216) 
oti 

together with the corresponding equations obtained by x — > x in (|2.21a, bf ) with also 
Tj — > Tj, K — > K , which are defined just as in (|2.20| ) for x —>■ x. 

The equations in ( |2.21a, 6|) are equations for dF/dti. The integrability conditions, 
which are required by virtue of (r-c^J 2 = 0, are satisfied since we have, for i = 2, 3,4, 



as a consequence of (|2.8|) . To reduce ( |2.21a, £|) into separate equations we first write, 

T.r-t^r-^ + ^l, (2.23) 

where Wi and r are respectively a scalar and a vector. From the results of appendix A 
we further decompose Vi uniquely in the form 

Vi = — -^Ui + Vi, t v Vi = Ui, t v Vi = 0. (2.24) 

Til Oti 

The first equation in ( |2.22| ) then gives 

—•^ = 0, i —xVi + — Wi = 0, (2.25) 

Oti oti Oti 
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where we may let Vi — > Vi without change. From ( j2.25|) we may then find 

L 1 W i =in 1 V i , (2.26) 
where we define the SU(2)r generators by 

Li = tiX^-. (2.27) 



dU 



Substituting (ggg ) into ( $721$ ) gives 



7r F = —U 2 + - U±, (2.28) 

ox x 1 — X 

and 

7T~~ — 7 ^ = -- W 2 + - J— W 4 , (2.29) 

2?ii — 1 x 1 — x 

which is just an equation giving K, and also 

' iL x K = -- V 2 + 3— % . (2.30) 



2ni — 1 a; 1 — x 

It is easy to see that this follows from ( |2.29| ) as a consequence of ( |2.26| ). Similarly substi- 
tuting ( |2.23|) into (|2.215|) gives three equations 



4 



2mF = ^2Ui, (2.31) 



i=2 

and 

4 

X^ = °> (2.32) 

as well as 

4 

Wi = . (2.33) 

i=2 

Clearly ( |Q2D follows from ( |2T33p . 

An essential constraint may also be obtained from the second equation in ( |2.22|) which 
gives 

(m + l)Ti t-U = — (Tj r-t<) ir-X . (2.34) 
With the decomposition ( |2.23| ) this leads to 

{m + l)Wi = -iLi-Vi, (2.35a) 
(m + l)Vi = — Li xVi — iLiWi . (2.356) 
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Contracting ( |2.35fc| ) with L i: and using Lj x Lj = —Li, LfWi = nj(rij + l)Wj, gives ( 2.35a|) . 
In addition we have from Tj(r-tj) 2 = 



t i -V r i = J it i xV r i = «<Wi. (2.36) 

With the aid of the results in appendix A we may obtain (2ni + 1) cV(£j W{ — iti x V^) = 
(2n 4 + 3) ((nj + ^Wi+iLj-Fj) so that ( ^36|) implies (|2.35a|) . Similarly, since x (t< x V$) = 
(9i x tj) x Vi) + di(ti-Vi) — gV(^ Vi), we have from appendix A (2m + l)di x (ti x Vi) = 
-{2m + 3)(Li x V$ + (ni + A)Vi) and (2^ + 1)9; x (UWi) = -(2m + 3)LWj. Hence it is 
clear that ( |2"36D also implies (l2"3551) l. 

Using (|2T24l) and (|2J§) for V, in ( gj5g ) we obtain 



(LyLi + mim + l^Wi = l((L 1 +L l ) 2 + (n 1 + n l )(n 1 + m + l))W l = -i~LiUi. (2.37) 

Ot\ 

Ui(u,v;t), which is defined by ( |2.23| ), is a homogeneous polynomial in t\,ti of Oft" 1 ,*"*) 
such that the SU(2)r representation with -R(h) = n\ + m is absent. In consequence the 
operator (L\ + Lj) 2 + (m + n-i)( n i + n i + 1)> which commutes with d\-Li, in ( |2.37| ) may 
be inverted to give W{ in terms of C/j. Alternatively we may obtain from ( [2.36|) 

iU x diUi = -h x L x Wi + n 1 t i W i . (2.38) 



To analyse these equations further we now consider the decomposition of F and also 
Ui in terms of SU(2)r scalars. We first assume the m are ordered so that 

ni < ri2 < 713 < n± , (2.39) 

and further assume 

n 4 = m + n 2 + n 3 - 2E , (2.40) 

for integer E = 0, 1, 2 . . ., where E is a measure of how close the correlation function is to 
the extremal case. With ( f£5g) and ( ggjj ) F, which is 0(ti 1 , t^ 2 , tg 3 , t^ 4 ), can in general 
be written in the form 

F(«,v;*) = (*i.* 4 ) ni " B (t2-t4) n3 ~ B (*r*2) B (*3-*4) na ^(«,«;<T,r), (2.41) 

where JF is a polynomial in er, r, defined in ( |1.4[ ), with all terms cr p r 9 satisfying p + q < E. 
If E > ni then all terms in J 7 must contain a factor fi E ~ ni to cancel negative powers of 

5 The converse follows using ti-Li = 0, ti x Li = ti ti-di and ti x (Li x V,) = — ti x V». 
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ti-t 4 in (|2.41 ). Since £j are three dimensional vectors t 1 [ r t 2s t 3 tt 4u } = so that a, r are not 
independent but obey the relation 



A = <7 + t + 1 — 2<tt — 2u — 2r = . 



(2.42) 



This may be solved in terms of a single variable a by 



a = a 



r=(l-a) 



so that 



!F(u, v; a, r) = !F(x, x; a) 



(2.43) 



(2.44) 



,F(x, x; a) is symmetric in x, x and, for < m, is a polynomial in a of degree 2.E, so that 
there are 2E + 1 independent coefficients, while if i? > ni then it must be of the form 
(1 - a) 2 ^ E - n ^p{a) with p a polynomial of degree n\, so that the number of coefficients is 
2ni + 1. These results correspond exactly of course to the number of SU(2)r invariants 
which can be formed in the four point function, subject to ( 12.401) , together with ( |2.39|) , 
that can be found using standard SU (2) representation multiplication rules. 



A similar expansion to ( |2.41| ) can be given for each Ui 

Ui{x,x;t) = (t r t 4 ) ni E (t 2 -t 4 ) n2 E (t r t 2 ) E (t 3 -t 4 ) n3 Ui(x,x]<j,T) 
Ui(x, x; a, r) = Ui(x, x; a) . 



(2.45) 



The analysis of ( |2.29Q and ( |2.33| ) depends on using (|2.37|) , or (|2.38| ), as shown in appendix 
C, to relate Wi and Ui. Defining 



^ = zt2-(t 3 xt 4 )(trt4) ni E {tTUT 2 "{tvh)" L (t 3 -t 4 ) 
then we obtain 

2(2m - i)Wi = biUi , 

where Di are linear operators given by 



K n 2 -E, 



E-l 



713 — 1 



62 = ± + 2(E- ni : 

da 1 — a 



h d 2m 2(E-m) 

J-J 3 = — "T" 

da a 1 — a 



Da 



d 2E 
+ 



da 1 — a 



(2.46) 
(2.47) 

(2.48) 



The superconformal identities ( |2.28|) , (|2.31|) and (|2.33| ) then become 

1 



3 T- 1 U 

dx x 2 1 — x 

2n x T = U 2 +U 3 +U 4l 
D 2 ti 2 + D 3 U 3 + D 4 ti 4 = 



U 4 



(2.49a) 

(2.4%) 
(2.49c) 
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By acting on ( |2.49fc| ) with D 3 and using ( j2.49c ) we may obtain 



f> 3 t 



U 2 



a 



all — a) 



Ua 



and substituting in (|2.49a|) gives 

d 



x- aD 3 \ T 

ox 



x 



X 



+ 



1 — a 



Ua 



(2.50) 



(2.51) 



The right hand side of ( |2.51| ) vanishes when a = 1/x leaving an equation for T alone. 
With the explicit form for D 3 in ( |2.4<j| ) we have 



d_ 

dx 



x 



2ni 



1 - - 

X 



l^2( ni -E) 



X 



0. 



(2.52) 



Together with its partner or conjugate equation involving d/dx ( |2.52| ) provides the final 
result for the constraints due to superconformal identities for the four point function when 
M = 2. 



For the M = 2 case we may also require instead of ( |2.40| ) 

n4 = n\ + n 2 + n 3 - 2E - 1 , 
since F can then be written as 



(2.53) 



F(u,v;t) = (t v U) ni E (t 2 -U) n2 E 1 (t v t 2 ) E (t 3 -U) n3 1 t 2 -t 3 xU^{x,x;a). (2.54) 

There is an essentially unique expression in ( |2.54|) , with a single function JF as a conse- 
quence of identities for the various possible vector cross products for null vectors which 
take the form 

tft 2 x t 3 t 2 -t i = i(cr - r + 1) t 2 ■ t 3 x £ 4 t v t 2 , 

ti ■ t 2 x £4 t 2 -t 3 = \{a - t - 1) i 2 • h x h h4 2 , (2.55) 

t\ ■ t 3 x t 4 t 2 -t 4 r = |(cr + r — 1) t 2 • £3 x £4 ti-t^ . 

Since, as shown in appendix B, effectively t\-t^ t 2 ■ t 3 x t 4 = 0(1 — a) we can take in (|]5|), 
if m — E > 1, (1 — a)jF(x, x; a) to be a polynomial of degree 2E +1. If m — E < 1 then 
T{x, x; a) must contain a factor (1 — ct) 2 ^ E_ni ^ _1 . It is easy to see that the number of 
independent coefficients matches with the number of independent terms in the four point 
function obtained by counting possible representations in each case. 

There is a similar expansion as ( |2.54j ) for C/j. Instead of ( [2.46 ) and ( 2.47Q we now have 

T ^- r (trt4) ni " S_1 (t 2 -t4) n2 " £ (trt 2 ) S (t 3 -t4) n3 TA4, 
2n\ — 1 



y n 2 -E-l 



Wi 



(2.56) 



with Di exactly as in (|2.48|) . In consequence the superconformal identities reduce to 
( p.49a, 6,"^) and we may derive the final result ( |2.52| ) , albeit with E given by ( |2.53| ) . 
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3. Solution of Identities, J\f = 2 



Although in the TV = 2 case the identities can be solved rather trivially we show here 
how they may be put in a form which makes the connection with the operator product 
expansion, and the possible supermultiplets which may contribute to it, rather obvious. 
For the purposes of analysing the operator product expansion for x\ ~ X2 an alternative 
form to ( j2.9p is more convenient so we write 



(^ ni Hx 1 ,t 1 )^(x 2 ,t 2 )^ n3 Hxz,t 3 )<p^{x 4 ,U)) 

ru) V r i3/ 



r 2 A ni - n2 fr 1 A n3 -^ n , . (3-1) 
— I I — 1 G{u,v;t) , 



n 1 +n 2 n 3 +n 4 
'12 '34 

where 

G(u, v- 1) = u ni+n2 v ni+n4 - n2 - n;i F(u, v- 1) . (3.2) 

For application of the superconformal Ward identities here it is convenient here to 
replace the variable a by y where 

y = 2a - 1 , (3.3) 

and x, x by z, z given by 

2 2 
z = - - 1 , z=--l. (3.4) 

X X 

Assuming now 

G(u,v;t)= (trt 4 ) ni_i5 (t2-t4) n2 " E (trt2) E (t3-t4) n3 ^(«^;2/), (3.5) 



the solution of ( |2.52| ) and its conjugate equation, maintaining the symmetry under z «-» z, 
becomes 

w; z) = u n ^- 2E f(z) , v; z) = u n ^- 2E f(z) , (3.6) 

where / is an unknown single variable function. Since Q(u,v;y) is just a polynomial in y 
d3lf ) requires 

<?(«, «; y) = W -+-- 2S + (y _ _ - z) /C( w , w; y ) , (3.7) 

where /C(u, u; y) is undetermined, if Q(u, v; y) is a polynomial of degree 2E in y then clearly 
K, is a polynomial of degree 2E" — 2. 

The operator product expansion applied to this correlation function is realised by 
expanding it in terms of conformal partial waves Q^(u,v, A21, A43), Ajj = Aj — Aj, 
which represent the contribution to a four point function for four scalar fields, with scale 
dimensions Aj, from an operator of scale dimension A and spin £, and all its conformal 
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descendants. Explicit expressions, in four dimensions, were found in [15] which are simple 
in terms of the variables x, x defined in ( |1 . J )i, which satisfy 

Ql\u, v; A 21 , A 43 ) = (-1) V A « gg{u/v, 1/v; -A 21 , A 43 ) 
= ^(A«-A 21 ) Q%>{u, v- -A 21 , -A43) • 

For this case the expansion is also over the contributions for differing SU(2)r R- 
representations and has the form, if n\ > E, 

ni+n 2 

G(u,v;y) = J2a>RA,e P R+k7-n? n2 ~ (v) Ga(u,v; 2(n 2 - m), 2(n 4 - n 3 )) , 

R=n± — 713 A,£ 

(3-9) 

with Pn a,b ^ a Jacobi polynomial. For a a negative integer Pn a,b \y) oc (1 — y)~ a and 



n + a > 0. Hence when m < E we require a similar expansion to ( |3.9|) but with i? = 
n^—ni, . . . , ni+n2 and then Q(u, v; y) oc r E ~ ni as required in ( |3.5|) to avoid negative powers 
of ti-t^. The different terms appearing in the sum in ( |3.9|) then determine the necessary 
spectrum of operators required by this correlation function. The symmetry properties of 
this operator product expansion follow from (|3.9|) and Pi a ' b \y) = (—l) n Pn (—y). 

We first consider the case when n\ = n 2 = n 3 = n 4 = n, so that E = n. To apply 
( p.6|) we first consider the expansion in terms of Legendre polynomials (to which the Jacobi 
polynomial reduce in this case), 

2n 2n-2 

G{u, v;y) = Y a R (u,v)P R (y) , K(u, v; y) = ^ A r( u i v ) p r(v) ■ ( 3 - 10 ) 

R=0 R=0 

The Pr(v) in ( |3.10| ) correspond to the 2n + 1 possible SU(2)r invariants for the four 
point function ( |3.1|) and, as a consequence of results in appendix B, the coefficients clr 
represent the contribution to the correlation function from operators belonging just to the 
SU(2)r ^-representation in the operator product expansion for ip^ (x\, t{) (x 2 , t 2 ). 
From ( p.7|) it is easy to see that the single variable function / involves terms linear in y 
and so contributes only for R = 0, 1 giving 

, = »/M-»/M a{ = _/(*)-/(*). ( 3.n) 

z — z z — z 



Qf(u, v, Aai, A43) = ^_ _ ((-|x)^ F(±(A + A 2 i + £), I (A - A43 + £); A + £; : 



F(i(A + A21 - £ - 2), |(A - A43 - I - 2); A - £ - 2; x) - x <-> x 
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Using the expansion in ( j3.10|) for K, in ( |3.7| ) and standard recurrence relations for Legendre 
polynomials gives corresponding expressions for cir. For the terms involving Ar we have 



l R+2 

i Ar 

l R+l 
Ar 



(R + l)(R + 2) 
(2R + l)(2R + 3) 
2(R + 1) 1-v 



2R + 1 



a 



U 



u 



Ar, 
Ar. 



i Ar 

Ar 



(R-1)R 



(2R-1)(2R+1 
2R 1-v 



A 



R 



a 



R-l 



1 



2R + 1 u 
A R . 



A 



R 



(3.12) 



2 2{2R- l)(2i? + 3) 

For R > 2 clr is therefore given in terms Ar± 2 , Ar±±, Ar while for R = 0, 1, with ( |3.11| ), 
we have 

f . f n l + v 2\ , 2 1-v 



«o = % + 2 



u 

ai=a{ - 2- — - A + (2 
u V 



3 u 
1 + v 2 

~~ 5 



At + — A 2 , 
15 

-)A 1 -- A 2 + —A 3 . 

5 u 35 



(3.13) 



In ( |3.12|) and (|3.13[) any contributions involving Ar for R > 2n — 2 should be dropped. 

The significance of the results given by ( |3.12|) and ( |3.13| ) is that they correspond ex- 
actly to the Af = 2 supermultiplet structure of operators appearing in the operator product 
expansion. Each a^(w, v) may then be expanded in terms of (it, v ) = G& ( u i u ! 0> 0) 

a R (u, v) = b RjA ,e Ga ( u > v ) ■ ( 3 - 14 ) 



Ai 



The conformal partial waves G^(u,v) satisfy crucial recurrence relations |T6 



1-v 



-2 — Q$ («, «) = 4 («, «) + (u, «) + a s g«+l> (u, v) + Ja t _i £j™ (u, «) 



r(*+i), 



;(/-!) 



(<+!), 



>(<+!), 



U 

- l) G$ (u, 1;) = 4 s£ 2 («, 1;) + 4a s £^ +2) («, 1;) + Ia t _i ^" 2) (u, 1/) 



+ Ta s o t _i £ 



where 



t=|(A-€) 



2K ~ (2s-l)(2s + l) 

In ( gT5D a t _i > if A > £ + 3. 

If Ar is restricted to a single partial wave so that 

Ar 



(3.15) 
(3.16) 



(3.17) 



then, using (|3.15| ) with (|3.12| ), 



a 



IV 



a 



(A',£') 

|# - i2| = 2, (A'; £') = (A + 2; £) , - i?| = 1, (A' ; £') = (A + 3, A + 1; £ ± 1) 
R' - R = 0, (A'; £') = (A + 4, A; f), (A'; £') = (A + 2;£ ± 2, f) 



(3.18) 
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This gives exactly the expected contributions corresponding to those operators present in a 
long J\f = 2 supermultiplet, which we may denote A^ ^, whose lowest dimension operator 
has dimension A, spin £ belonging to the SU(2)r R- representation. From (|3.12|) and 



the positivity constraints for ( |3.15|) we may then easily see that in ( |3.14j ) 6(av) > for 
A > £+1. For a unitary representation, so that all states in A^ e have positive norm, (we 
consider here multiplets whose U(1)r charge is zero) the requirement is 

A>2R + £ + 2. (3.19) 

Since Gj±(u, v) = tt^ A "^ F(u, v) with F(u, v) expressible as a power series in u, 1 — v we 
must have from (|3.17| ) for u ~ 0, 

A R (u, v) ~ u R+2+e , e>0. (3.20) 
The contribution of the single variable function / (|3 .11 ) represents operators just with 



twist A — £ = 2. From the results in [15] we have 



g g { v) = u 9i + i(x) - ge + i(x) = _ 2 g e+1 (x) - g e+1 (x) 
i " x — x z — z 



for 



g e (x) = (-IxY^xF^ £■ 2£; x) = -^f(±£, \i + |; £ + |; ^) , (3.22) 
where F is just an ordinary hypergeometric function@. As shown in [|16| gi satisfies 

zgi(x) = -ge-i(x) - aig i+1 {x) . (3.23) 

In general we therefore expand the single variable function / in ( |3.11| ) in the form 

oo 

f{z)=Y,hgi{x). (3.24) 

e=o 

For this to be possible f(z) must be analytic in 1/z, or equivalently in x. If we consider 
just / — > 2gi + 2 and use ( |3.23| ) in ( |3.11| ) then a^ R — > au(Co,e) where 

a>i(Co,e) = , ao{Co,e) = Se% + a z+2 Qf+P ■ (3-25) 

These results for Oo,ax then correspond to the contributions of operators belonging to a 
semi-short Af = 2 supermultiplet Cqj whose lowest dimension operator is a SU (2)_r singlet 
with spin £ and A = £ + 2, i.e. at the unitarity threshold (|3.19|) . 



ge(x) oc Qe-i(z) with Q u an associated Legendre function. 
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In general we denote by the semi-short multiplet whose lowest dimension operator 
has spin £, belongs to the representation R, and has A = 2R + £, so that the bound ( |3.19| ) 
is saturated. At the unitarity threshold given by (|3.19|) a long multiplet A R e may be 
decomposed into two semi-short supermultiplets C R ^ and Cr+i^-i, [p2| . This is reflected 
in the contributions to the four point function since, with a RI (A R e ) defined by (|3.17|) and 



a R >(A 2 R R + i+2 )=4a R ,(C Ry 



where we take 



aR-i(CR,i) 

&R-2{Cr,i) 

^r+i(Cr,i) 



r>(£) . i r>W r>( l + 2 ) 

*2R+£+2 + 1 a R ^2R+£+4: + a R+£+2 y 2 R+£+A > 



,(£) 



(£+2) 



(3.26) 



R 



2R + 1 
(R 



r (£+i) ,x G (e-i) 

v 2R+£+3 ' 4 v 2R+£+3 
*2R+£+4 i 



1 MZ+1) \ 

+ lCLR+£+2 y 2 R+£+5j 



(3.27) 



A{2R- l)(2i? + l) 
R+ 1 MW) 



2R + l* 2R+e + 3 



For = (|3.27|) coincides with (|3.25|) . Thus the contribution of any semi-short supermul- 
tiplet Cr ; £, R = 0, 1, . . . , 2n — 1, to the four point function may be obtained by combining 
the results for long supermultiplets at unitarity threshold with ( |3.25| ). There is no reason 
why any particular C Ry e, except Co,o which contains the energy momentum tensor and the 
conserved SU (2) R current, should be present but if f(z) is non zero it is necessary for there 
to be at least one semi-short contribution involving operators with protected dimensions. 



A special case arises if we set I = — 1. Formally, as shown in |]2~2]j , Cr-\ ~ Br+i 
where Br denotes the short supermultiplet whose lowest dimension operator belongs to 
the ^-representation with A = 2R, I = 0, obeying the full M = 2 shortening conditions. 
The conformal partial waves as shown in |16[ satisfy 



M£-2) 



a (-l) 







(3.28) 



and hence from (|3.27| ) we have 

aR'(CR,-i) 

where 

»(o) 



R+ 1 
2R + 1 



aR'(B R+ i) 



aR{B R ) = , dR-xiBn) 



R g (i) 



2R + 1 * 2R+1 ' 



a R -2(B R ) 



(R-1)R 



4(2R- 1)(2R+ 1) 



Mo) 

^2R+2 ■ 



(3.29) 



(3.30) 
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The operators whose contributions appear in ( j3.30|) are just those expected for the short 
supermultiplet B R and there are possible contributions to the four point function for R = 
1,2,..., 2n. Since 

gj?\u,v) = l, (3.31) 

then it is easy to see from ( |3.3U[ ) that 

a R (B ) = a R (X) = 5 R0 , (3.32) 

where a R {T) denotes the contribution of the identity in the operator product expansion. 
Besides ( |3.29[ ) we may also note that 

a R i{C Ri - 2 ) = -4a R ,(B R ) . (3.33) 

For R = this is in accord with ( |3.32| ) since Qq = —4. 

Apart from the case of the correlation function for four identical operators as consid- 
ered above there are other solutions of the superconformal Ward identities which are of 
interest corresponding to extremal and next-to-extremal correlation functions [^TJ. The 
extremal case corresponds to taking E = in ( |2.40|) . There is then a unique SU(2)r 
invariant coupling which also follows from the requirement that T in ( |2.45| ) , or Q where in 
( ^2|) G(u,v;t) = (ti-t4 : ) ni (t2-t4) n2 (ts-t4) n3 G(u : v ), must be independent of a, r and hence 
equivalently also of a. In this case the result (|2.52|) for d x and its conjugate for d s simply 
imply 

G(u,v) =Cu ni+n2 , (3.34) 

where C is independent of both x, x and thus a constant. To interpret this in terms of the 
operator product expansion for (p^ ni \xi,ti)ip^ n2 \x2 1 t 2 ) we may use the result from [jT5| , 

< } +a 2 («. «5 A 21) Ai + A 2 ) = M MA 1+ A 2 ) . (g.ss) 

The result ( |3.34j ) then shows that the only operators contributing to the operator product 
expansion in the extremal case have A = 2(ni + n 2 ), i = and necessarily R = n\ + 
n 2 . Such operators can only be found as the lowest dimension operator in the short 
supermultiplet B ni + n2 . 

For the next-to-extremal case we set E = in ( |2.53|) . The solution of (|2.52| ) can be 
conveniently expressed as 

(1 - z) Q(u, v; z) = u ^ +n *- x f(z) , (3.36) 

wherein Q we have G(u, v; t) = (t v t 4 ) ni fo-t^ 2 ' 1 (ta-^)" 3 " 1 1 2 ■ t 3 xt 4 G(u,v;y). For 
E = 0, (1 — y)Q(u, v; y) is linear in y and from ( |3.36| ) and its conjugate we may find 

(i - „)<?(„, v- y) = (y-z)fW-(y-z)f(z) j (3 . 37) 
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so that Q is determined just by the single variable function g in this case. 

For the next-to-extremal correlation function there are just two independent SU(2)r 
invariant couplings. In a similar fashion to (|3.10| ), we have an expansion, from appendix 
B, in terms of two Jacobi polynomials 

(1 - y) Q(u, v- y) = a^+^u, v) P (^-^n 2 -i) {y) + ^ y) p (2 ni -i,2„ a -i) {y) ? 

(3.38) 

where a^, R = n\ + n 2 — 1, n\ + n 2 represent the contribution of the two possible R- 
representations of SU(2)r in this case. From (|3.37|) we obtain 

u "n 1 +ri2 — 1 , u 

711 + 712 " (3.39) 



,ni+n 2 



zf(z) ~ zf{z) + n 1 -n 2 f(z) - f(z) 



z — Z TL\ + U 2 z — z 

To interpret this in terms of the operator product expansion we may use, extending ( |3.21|) , 
SiV +< («, v, A», A, + A 2 + 2) = A.) , 

g e (x; Ai, A 2 ) = {-\x) l -*xF{l + A 2 - 1, l\ 2£ + A 1 + A 2 - 2; x) . 

(3.40) 

In consequence only operators with twist Ai + A 2 can contribute for the solution for an 
given by ( [3.391) . If in ( |3.39|) let we f(z) -> 2^ +2 (x; 2m, 2n 2 ) then a fl -> a R (C ni+n2 - 1;i ) 
where 

rr ^ - 1 rM +1) 

u "n 1 +n 2 \^n 1 +n 2 -l,i) — , ^ 2n l +2n 2 +i+l ^ 

tl\ -p ll 2 

a ni+n 2 -l(^ni+Ti2-l,f) 

_ Q (i) , _ s (l+l)(2m + 2n 2 + l) 

^2n 1+ 2n 2 +£ + ^2 + ^ + £) ^ + ^ + £ + ^ + ^ ^ 2 n 1+ 2n 2+ , + l 

(I + 2)(2ni + £ + l)(2n 2 + £ + l)(2m + 2n 2 + £) {e+2) 
(n 1 + n 2 + £ + l) 2 (27i! + 2n 2 + 2£ + l)(2m + 2n 2 + 2£ + 3) ^2n 1+ 2n 2 +£+2 > 

(3.41) 

/ /;/ \ ____ 

where Q\ n +2n + £, are as in ( |3.40|) with A* — >■ 2rij. The contributions appearing in 
( |3.41| ) correspond to those expected from the semi-short supermultiplet C ni + n2 -i t £. Using 
Cr-i ~ Br+\ again we may obtain the contribution for the short multiplet £> ni+n2 , 

tt fl(C|n 2 -l r l) = ; «fi(^ni+n 2 ) 7 (3.42) 

n 1 +n 2 

giving 

,„ x_ 4n!n 2 (1) (3-43) 

a n 1+ n 2 -l^n 1+ nJ - ^ + + ^ + 1} ^ 2 n 1+ 2n 2 +l ■ 
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For the next-to-extremal correlation function therefore only the protected short and semi- 
short supermultiplets Br and Cr-M can contribute to the operator product expansion. 

By analysis [ p3| , p4"|| of three point functions the possible Af = 2 supermultiplets which 
may appear in the operator product expansion of two Af = 2 short supermultiplets is 
determined by the decomposition, for 77,2 > n±, 

n,2+ni / n 2 +ni-l n 2 +ni— 2 

B ni ®B n2 ^ B n 00f C n , e ® A*A, (3.44) 

n=n.2 — Tlx £>0 ^ n=«2- n\ n=n2—n\ ' 

where for A^i all A > 2n + £ + 2 is allowed. By considering also the corresponding result 
for B n , A ® B n4 in all cases discussed above the general solution of the Af = 2 superconformal 
identities accommodates all possible Af = 2 supermultiplets which may contribute to 
the four point function in the operator product expansion according to ( |3.44j ). In the 
extremal case it is clear that only B ni + n2 contributes while for the next-to-extremal case 
long multiplets which undergo renormalisation are also excluded. 



4. Superconformal Ward Identities, Af = 4 

We here describe an analysis of the superconformal Ward identities for the four point 
function of Af = 4 chiral primary operators belonging to the SU (4)r [0, p, 0] representation 
with A = p represented by symmetric traceless fields i Pr 1 ,...,r p ( x )i r i = 1,...,6. As in (p^) 
we define t), homogeneous of degree p in t, in terms of a six dimensional null vector 

t r . The superconformal transformation of (p( p \x, t) is then expressible in the form 

6<p( p) (x,t) = -e(x) 7 .tV (p-1) (x,t) + ^ p ~ 1) (x,t) rte(x) , (4.1) 

where the conformal Killing spinors if(x), e* a (x) are as in (j2.3p, with i = 1,2,3,4 and 



lr° = -lf>\ jHj = \^ijkilr kl are 577(4) gamma matrices, 7r7s + 7s7r = -25 ra l, 7r f = 
— 7r . In (|4.1| ) if( p ~ lS> i a (x, t), if)( p ~ l > % a(x, t) are homogeneous spinor fields of degree p — 1 
in t and satisfy constraints similar to ( |2.8| ) 

T J^S^fo t) = , ^~ l \x, t) 7 ~ = , (4.2) 

which are necessary for them to belong to SU (4)r representations [0, p — 1, 1], [1, p — 1, 0] . 
At the next level the superconformal transformations involve a current belonging to the 
[l,p — 1, 1] representation which corresponds to a homogeneous field of degree p — 1 with 
one SU(4f)n vector index J^ p ~^ rce a(x,t) satisfying 

l) ^ l) 

t r J^ P ^ raa{% i t) = , ^ J P ' 'rad^ , t) = . (4-3) 
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The superconformal transformation of ip( p 1 - ) (x,t), neglecting e terms, is then 



5^r 1] (x,t) = -j~ t id a& <pW (x,t)"e d *(x)+2 l~ t ^ p) (x, t) 



+ + 2^2 ^ tT Wt) J(P_1) — ^' *) W*{x) ■ 



(4.4) 



Superconformal transformations which generate the full BPS multiplet listed in |35j can 
be obtained similarly to fl6|] but the superconformal Ward identities depend only on 
and 



The general four point function of chiral primary operators can be written in an 
identical form to 



(4.5) 



S-P2-P3 „ S-P3~P4 
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r 



34 



r Pi r £-P3 

'13 '24 



F(u,v;t), E = +p 2 +P3 +P4) • 



The derivation of superconformal Ward identities initially follows an almost identical path 
as that in section 2 leading to ( |2.21a, 3 ). With similar definitions to ( |2.14| ), ( |2.15| ), taking 
2rii — > pi, and (|2.20|) we find 



1 d d „ 
_ 7 p 

Pi dti dx 
d 



1 + 1 7-ti 7- -J- J 7-K - - T 2 7-t 2 + — ^— T 4 <y-t 4 , (4.6a) 
2pi + 2 o£i / x 1 — x 



7-— F = T 2 7-t 2 +T 3 7-t 3 + T 4 7-t 4 . 

OTl 



(4.66) 



Instead of ( 2.22|) we have the constraints, which follow from (^3) and (| 



d 

t v K=—-K = 0. 



(4.7) 



As with ( |2.23| ) we exhibit the dependence on SU(4) gamma matrices by writing 

Ti 7-t< = J-Vi + ~ 7[ r 7«7«] Wi,r a « • (4-8) 
Since we takel 7[r-7s7u7«7™7z] = ^rsuvwz, 

7[r7s7w] g ^rsuvivzlfvlfwlfz 5 (4-9) 

so that we must require the self-duality condition 

W^rsu g l£ Y suvw i ,uro 2 • (d. 1 ()) 



8 Note that (717273747576^ = -717273747576- 



22 



Imposing the first equation in ( [O]) we have 



(4.11) 



Just as in (12.241) we write 



Pi oti 



(4.12) 



so that in ( |4.11[ ) we may let Vi — > 

Using (|4T8|) with Qll2|) , and ^-t^-d^-K = -p x ^-K+ ^ [r 'j s 'y u] L 1 ^ s K u , ( |4.6a, t\ ) may 
be decomposed into three pairs of equations, 



and 



and 



OI x 1 — X 



J*±*iir P = _ifc, + ___fc, 

2pi + 2 a; 1 — x 



i=2 



i=2 



2p 



3 11 

— — (L lj[rs ^]) sd = -- w 2jrsw + yzt^. w ±,rsu , 5^ w hr 



i=2 



where we define for i = 1, 2, 3, 4 

Li^rs ti r Oi s ti s di r , 

and for any X rsu = X[ rsu ] the self dual part, satisfying Q110|) , is given by 



(4.13) 



(4.14) 



(4.15) 



(4.16) 



(4.17) 



Since 2£i s <9i[ r Uj jS ] = —piVi jr we may obtain from (|4.11| ) 



(4.18) 



which gives Vi >r in terms of Wi^ rsu . Furthermore from (|4.7| ) Li^ rs K s = K r and using also, 
as a consequence of the commutation relations for Li, [Li >rs , Li,™] = — 4Li )SU we have 
Li, rs Li,ruK s = 3K U . With, in addition, ±Li irs Li i7 . s K u = -(pi - l)(pi + 3)K U we may 
then obtain 

SL 1>rs L 1>[rs K u] = -2 Pl ( Pl + 2)K U . (4.19) 
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Since also e rsuvwz L\ ySU L\ yVW K z = it is clear from ( f4.18|) and ( [4 . 1 9| ) that eqs. (|4.15| ) imply 
( |4. 14j ) . However, if we define 



W iirsu = 3(L 1)[rs V iyU] ) sd - (pi + 2) Wi, rs 



(4.20) 



with Vi jU determined by (|4.18| ), then as a consequence of ( [4.14|) and (|4.15| ) we must also 
require 

- W 2 ,rsu = -t— — W 4 , rsu . (4.21) 
x 1 — X 

From the second equation in (|4.7| ) we may obtain ^Li jrs (Ti^-ti)'j r 'y s = (pi + 4)Tij-ti 
which leads to the relations 



(4.22a) 
(4.226) 



3(£i,[ rs ^,-u]) sd + 3Li^ r \ v W ijSU ] v = (pi + 4)W iyrsu , 
where L^^Wi^g^ is self dual as a consequence of ( |4. 1Q| ) . We also have from Tij-t{ j-ti = 

t v Vi = , t i[r V i>s] + W i>rsu t iu = . (4.23) 



For consistency we note that di 8 (t^ r Vi iS ] + Wi yrsu t iu ) = is identical with (|4.22a|) . Fur- 
thermore using ( fliq) we have (d i[r W iySu]v t iv ) sd = \{d i[r W iySu]v t iv - d iv t i[r W iySu]v ) + 
\d iv (Wi yrsu t iv ) and, from appendix A, (pi+2)d iv (W iyrsu t iv ) = (p, + 3)(p; + 4) W i}rsu while 
acting on Wi ySUV similarly (pi + 2)di[ r t iv ] = —{p% +3) \L^ rs . Hence we have demonstrated 
that (di[ r (t is V iu } + W i su ] v ti v ) sd = is identical to ( f!226| ) so that this equation is also 
implied by flOg ). 



Combining ([4.23 ) with ( |4 . 1 2| ) gives the essential equation 

ti[ r dl s ]Ui + pi ti[ r V i)S ] + pi Wi yrsu t iu = 

where piVi yS is determined by ([4.18| ). 



As in ( |2.45|) we may expand the correlation function F, as defined in 
of SU (4) invariants 



F{u,v;t) = (ti-t 4 ) Pl E (t2-t4) P2 ^ {trt 2 y {tz-uY 3 Fin, v;a, r) 
where we assume 

Pi < P2 < P3 < P4 , 2E = P! + p 2 + p 3 ~ P4 ■ 



>P2~E . 



(4.24) 



in terms 



(4.25) 



(4.26) 



In ( 4.25|) ^F(u, v; a, r) is a polynomial in a, r consistent with F(u, v; t) = 0(tf 1 , t^ 2 , t^ 3 , t^ 4 ] 



and hence E > is a integer. For p± > E then T is expressible as a polynomial of degree 
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E in a, r, i.e. a linear expansion in the h(E + 1)(E + 2) independent monomials a p r q with 
p + q < E. For p\ < E it is necessary also that q > E — pi giving only \(pi + l)(f»i + 2) 
independent terms. It is easy to see that this matches the number of invariants that may be 
constructed by finding common representations in [0,pi, 0]®[0,p2, 0] and [0,^3, 0]<g)[0,p4, 0] 
using the tensor product result 



Pi Pi—r 



[0,pi, 0] ® [0,p 2 , 0] ~ [r,p 2 -pi+ 2s, r] . (4.27) 



r=0 s=0 



Hence representations [r, ^2 — Pi + 2s, r] may contribute for s = 0, . . . , n — r, r = 0, . . . , n 
with n = E if p\ > E, otherwise n = p±. 



In an exactly similar fashion to (|4.25|) we may express Ui(x,x;i) in terms of 
Ui(x, x; a, t) so that ( |4. becomes 



^-J= = --U 2 + ^—U A , Pl F = W 2 +W 3 +W 4 . (4.28) 

ox x 1 — X 

Furthermore we may also decompose Wi, rsu (x,x; t) for i = 2,3,4 in terms of four 
independent self dual tensors, 

Wi, rsu = -(trt 4 ) Pl " i? (t2-t4) P2 " S (tri2) S " 2 (t3-t4) P3 " 1 

x y(h[rhshu]) ad h-t4 + (hirtishu]) ad h-h (4.29) 

+ (*l[r*3s*4u]) sd ^2^3 ^2^4 , , Ci + (^2[r^3s^4u] ) sd tl VVi) > 

13-14 / 

with ^4j, Ci and Wi polynomials in a, r of degree E — 2 and E 1 — 1, if p\ > E. From its 
definition in 04.81) we must have 



C 2 = B 3 = A 4 = . (4.30) 

The result ( |4.15| ) then requires 



^2 + ^3 = 0, B 2 +B 4 = 0, C 3 +C 4 = 0, W2 + W3+W4 = 0. (4.31) 
We may similarly decompose Vi^ r in the form 

Vi,r = (*l-t4) , ' l " B " 1 (*2-t4) Pa " B (trt 2 ) S " 1 (i3-*4) P "" 1 

x ((^2r tyt^ — t± r t\-t<i)t%-t±Ti + (t 3r ti-t^ — t^r t\-t^)t2-t^ Ji + t\ r t2"^4^3'^4 Vi) , 

(4.32) 
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where we impose ti-Vi = 0. The coefficient of t± r is determined by the requirement 
d v Vi = 0, 

(Pi + 2)V, = -O^ + X, - (a0 ff - tO t ) J, + J, , (4.33) 
with differentiai operators 



O ct = (o- + r - 1) — + 2r— + p x - 2E + 1 , 

OCT 0T 



Using (|4.18|) we get 



6pi Xi = (pi + 2) (a A -rBi)- (aO, - rO T )Wi 
6pi Ji = - (pi + 2) (A - rC,) + OaWi . 



From ( |4.33| ) we then obtain 

6px V, = r(((9 CT + 1)B< - (O t + l)Ai - (a(O a + 1) - t(O t + l))d) . 



(4.34) 



(4.35) 



(4.36) 



As a consequence of ( |4.24| ) the coefficients in (4.25) are not independent but we have 
relations which determine Ai,Bi, C{ for each i, 

(pi + 1) ^ = 3 + |(a - pi) w 2 , 

(p 1 + l)B 2 = -s(J^ + ? ^^-)U2 + ^(0 T -p 1 )W2, 



■EjU 3 + ^(aO a -rOr-pi)Ws, 
( Pl + 1) aC 3 = 3^ + ^^V 3 - |(O r +Pi)W 3 , 
(pi + 1) tB 4 = -3U^ + r^- - - i(aO CT - rO T + Pl )W 4 

(pi + 1) rC 4 = - 3 - |(O ff +pi)W 4 • 



Combining this with (f4.31| ) and also the result in ( |4.28 ) for piJF leads to 
(r^+Pi-E^F = U± + \{a-r- 1) W 4 - \ rW 2 , 

-W 2 + i(a-r-l)W 2 -|W 4 . 



(4.37) 



(4.38) 
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If Wi jrsu given by Q4.2Q ) is denned in terms of Ai, Bi, Ci and Wi as in (^.29| ) then it is easy 
to see that VVi = — (pi + 2)Wi and, as a consequence of ( f4.35| ) and ( |4.37| ), 

" + Pi + 2) + (a— +t— - E + l) (O a - Pl - 2) Jw, , 



Hence ( |4.21|) reduces to just 



- W 2 = — — W 
x 1 — x 



4 • 



(4.39) 



(4.40) 



In terms of the variables a, a, defined in (pT5|), Q4.38| ) becomes 



d 



1 - a) —T + EaJ r -p 1 J r =-(l- a)U 2 - U± + Ua - a) ((1 - a) W 2 + W 4 ) , (4.41) 



together with the conjugate equation obtained for a <-» a. If this is used together with 
( |4.28| ) for we may eliminate U2 to obtain 

d d a 1 , 
x — a — hpi- ).F 



dx da 1 — a 



1 — a 



(r^ + T^) M4 ->- a )( W2 + T^ Wl ) (442) 



1 — ax 



W 4 - ~(a - a)yv 4 



(l-a)(l-x) 

where we have used ( f!40| ). Writing !F(u, v; cr, r) = T{x, x; a, a) evidently 



d d 1 . 

x- a- h -E + (pi - i?) LF(x,x;a,a;) 

ox da 1 — a ' 



0. 



(4.43) 



which is solved by writing 



'It 



;i-«r s %i;^a)=/( 



x, a) . 



(4.44) 



Together with the conjugate equation in which a — > a (|4.44 ) is the basic solution of the 
superconformal Ward identities in this context. 



5. Solution of Identities, J\f = 4 

We here extend the results of section 3 to the M = 4 case. As previously it is more 
convenient for consideration of the operator product expansion to change from F(u, v; t) 
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to G(u,v;t), defined in a similar fashion to (3J.) with 2rti — > pi. Writing G(u,v;t) in a 

similar fashion to ( 4.25 ) then the corresponding function Q is given in terms of J-(u, v;a,r) 
by 

G(u, v- a, r) = u ^ Pl+P2) v Pl ~ E F{u, v; a, r) . (5.1) 
For the applications in the section it is convenient to write 

Q(u, v; a, r) = Q(u, v; y, y) = Q{u, v\ y, y) , (5.2) 

where Q depends on the variables 

y = 2a-l, y = 2a-l. (5.3) 

The solution ( [4.44 ) then gives, with z, z defined in ( |3.4|) , 



Q(u, v; z, y) = u^+^- E f(z, y) , G(u, v; z, y) = ^Cpi+w)-* f(z, y) . (5.4) 
For consistency, since f(z, z) = f(z, z), we must have 

f(z,z) = k. (5.5) 

In general the conformal partial wave expansion and the decomposition into contribu- 
tions for differing SU(4)r representations further into conformal partial waves is realised 
by writing for p± > E. 

g(u,v;y,y) = £ a nm (u,v) P^- E ^~ E \y,y) 

0<m<n<E 

~ ~ ~ (5.6) 

= E ,A,iPh~ E ' P2 ~ E) (y,y) Gl\u,v,p 2 -p 1 ,p±-pz), 

0<m<n<E A,£ 

where are described in section 3 and (y, y) are symmetric polynomials of degree 

n (i.e. for an expansion in terms of the form (yy) s (y t + y t ), s + t < n) which are discussed 
in appendix B and which are given in terms of Jacobi polynomials 

#(»,>) = ^M^Mz^^ftg) = -P^l +l (y,y), (5.7) 

In ( |5.6j ) a nrUt A,£ then corresponds to the presence of an operator in the operator product 
expansion ifor ip^ 1 ^ and ip^ 2 ^ belonging to the SU(4)r representation with Dynkin labels 
[n — m,pi+p2 — 2E + 2m, n — m] and with scale dimension A, spin I. The expansion ( |5.6| ) 
also extends to p\ < E save that then m > E — p\ and Pnm (y , y) oc r E ~ Pl . 
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We consider initially in detail the case with pi = p = E for all i and Q(u,v; y, y) is a 
symmetric polynomial in y, y with degree p. Since it must also be symmetric in z, z ( |5.4| ) 
implies 

A, -v , . (y-z)(y-z)(f(z,y)+f(z,y)) - (y - z)(y - z)(f(z,y) + f(z,y)) 

y{u,v;y,y)= - k H ? — ; 3; 

(z - z){y - y) 

+ (y - z)(y - z){y -z){v~ z) fC(u, v; a, r) , (5.8) 

with JC(u, v; a, r) = JC(u, v; y, y) defining an undetermined symmetric polynomial in y, y of 
degree p — 2. This term corresponds to the result ( |L6| ) described in the introduction. To 
take account of the constraint (15.51) we write 



f(z,y)=k+(y-z)f(z,y), (5.9) 

with f(z, y) a free function, polynomial in y of degree p — 1. 

The decomposition of Q(u, v; y, y) into the contributions for different possible SU (4)r 
representations is given by ( |5.6| ) where a nm are for this case the coefficients correspond- 
ing to the representation with Dynkin labels [n — m,2m,n — m]. For this case in ( |5.7| ) 
Pn (y) = Pn{y), conventional Legendre polynomials. 



We first consider the the contribution resulting from the constant k in (|5.8| ) and ( |5.9|) . 
It is easy to see that this gives only 

a k Q0 = k. (5.10) 



To analyse the contributions arising from the function f(z, y) this may be expanded 

as 

p-i 

f( Z ,y) = J2fn(z)Pn(y). (5-11) 

n=0 

Using this in (|5.9|) and ( |5.8|) then f n gives rise to the following contributions to a nm just 
for m = 0, 1, 

/„ _ (w + l)(n + 2) fn __ (n-l)n 

m " (2n + l)(2n + 3) nm ^' ^ J ' ^ m " (2n-l)(2n + l) nm ^' ^ J ' 



'" ~ "ST (z + " )Fnm(M) ' fl "- 2ra = "^TI (z + z)f ™ (v) ' (5 ' 12) 



ai-im - ( ^ + 2 + 2(2n _ 1)(2n + 3) )^^ *) 



where 



F nl (z,z) = - Uz) -l n{ *\ F«,(z,t)= ' Mz) (5.13) 
2 — z z — z 
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For low n the results need to be modified but these can be obtained from (|5.f 2| ) by taking 
into account the symmetry relation in ( |5.7| ). For n = 0, afi,a{o are as in ( |5.f 2| ) but for 
Oqq we need to take 

(z 2 - k)fo(z) - (z 2 - |)/o(2) 



Jo 



Jo 



°00 a -ll 



, fo 
l 00 



z — z 



while for 7i = 1, a^i, a^o, On, o{q are given by ( |5.12j ) but 

fx z(z 2 -l)h(z)-z(z 2 -l)h(z) , 4 
fl ™ = + I5 F "- 



(5.14) 



(5.15) 



It remains to consider the contribution of the two variable function K, in 
is expanded, for P nm (y, y) = Prim (y, y), as 

K.(u,v;y,y) = ^ A nm (u,v) P nrn (y,y) , 

0<m<n<p-2 

with i(p — l)p terms. In this case the Legendre recurrence relations give 



(m — l)mn(n + 1) 



a 



a 



a 



a 



a 



a 



a 



a 



Vi-2 m-2 

A 

n-2m+2 

A 

n+2m-2 

A 

n+2m+2 

A 

l n-2m-l 

A 

n — 2 m+1 

A 

Vlm-2 

A 

n — 1 m+2 

A 

n+2 m— 1 
A 

n+2 m+1 

A 

n+1 m—2 



(2m - l)(2m + l)(2n + l)(2n + 3) 

(m+l)(m + 2)n(n + l) 
(2m + l)(2m + 3)(2n + l)(2n + 3) 

(m — l)m(n + 2)(n + 3) 
(2m - l)(2m + l)(2n + 3)(2n + 5) 

(m + l)(m + 2)(n + 2)(n + 3) 
(2m + l)(2m + 3)(2n + 3)(2n + 5) 
2mn(n + 1) 1 — u 

(2m + l)(2n + l)(2n + 3) u 
2(m + l)n(n+l) 1-u 
~ (2m + l)(2n + l)(2n + 3) u 

2(m — l)m(n + 1) 1 — v 
~ (2m-l)(2m + l)(2n + 3) u 

2(ra + l)(m + 2)(n + l) 1-u 
~ (2m + l)(2m + 3)(2n + 3) u 
2m(n+2)(n + 3) 1 - i> 
(2m + l)(2n + 3)(2n + 5) u 
2(m + l)(n + 2)(w + 3) 1 - v 
~ (2m + l)(2n + 3)(2n + 5) u 

2(m — l)m(n + 2) 1 — v 
~ (2m-l)(2m + l)(2n + 3) u 
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A, 



A, 



A, 



A, 



A n 



A, 



A r 



A, 



A, 



which 



(5.16) 



a 



a 



a 



a 



n+lm+2 

A 

L n-l m-1 

A 

n — 1 m+1 

A 

n+1 m — 1 

A 

n+1 m+1 



(1 



n—2 m 



A 

u nm-2 



A 

u n-lm 



nm — 1 



2(m + l)(m + 2)(n + 2) 1 



(2m + l)(2m + 3)(2n + 3) 



A T 



u 



4m(n + l) (1 



(2m + l)(2n + 3) 


-u 2 


4(m + l)(n + 1) 




(2m + l)(2ra + 3) 


u 2 


4m(n + 2) 




(2m + l)(2n + 3) 


u 2 


4(m+l)(n + 2) 


(1-v) 2 



(2m + l)(2n + 3) 
2n(n+ 1) 

(2n + l)(2n + 3) 
2(m — l)m 



A, 



A, 



A, 



?! 



4 

2 ■ n -nm 5 



R 4 

J -'m -"-rum i 



A T 



n+2 m 



(2m-l)(2m+l) 



n m+2 



4(n + l) 1 

-£>m — 



2n + 3 w 

4m „ 1 — v 
B, 



A., 



a 



'n+1' 



2m + 1 
4-Bm- D> n+i A nrn , 



A, 



a 



n+1 m 

A 

n m+1 



2(n + 2)(n + 3) 
(2n + 3)(2n + 5) 
2(m + l)(m + 2) 
(2m + l)(2m + 3) 
4(n + 2) 1- 

-Dm 



R 4 



n+1 A nm , 



2n + 3 
4(m + 1) 
2m + 1 



A r 



B 



u 
1 



n+1' 



A, 



u 



(5.17) 



where 



m + m — 1 



(5.18) 



u (2m-l)(2m + 3) 

For m = n, n — 1, n — 2, n — 3, and also if n = 0, 1, 2, ( |5.7|) may be used to combine terms 
to ensure that we only have a r™, for < m' < n' . For m = n = this prescription gives 



«22 — — A o 
15 



4 1 -v 



a>2i 



4 / (1-v) 2 
ail = —(10- ^- - 5 



15 



5 ii 
1 + v 



A 



oo 



O20 = f 3 — — - 1 ) Aoo 
15 V u 



+ 1 A 



^00 



w it 
15 V u z u 



aio 



4/ 1 + 1> \ 1 — v , 
77 2 1 Aoo 

3 V u. / u 



(5.19) 



1 + v 



+ 1 A 



1-00 



which is equivalent to the results in fHf . Similarly for n = 1, m = 0, 1 the resulting a n r™, 
correspond to those in fl. 



The solution of the superconformal identities given by ( |5.10| ), (|5.12|) and (|5.17|) may 
now be naturally interpreted in terms of the operator product expansion. If in ( |5.17| ) we 
consider a single conformal partial wave for A nm by letting 



Ar, 



'A+4 ' 



(5.20) 
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then, if A^ p q \i denotes a long superconformal multiplet whose lowest state has spin £, 
scale dimension A and which belongs to a SU(4)r representation with Dynkin labels 
[q, p, q] , we obtain 

a nPrn' ~^ a n' m' {^nm ,l) > ^nm,£ = •^■[n— m,2m,n— m],£ • (5.21) 



The non zero results obtained from Q5.17 ) with ( 5.20 ) may be conveniently expressed in 
the form 

a n+im+j (A* mii ) = N n+1>i N m>j Af^ , i,j = ±2, ±1,0, (5.22) 

for 



_ (w + l)(m + 2) _ m + 1 __ 

(2m + l)(2m + 3) 2m + 1 

m (m — l)m 



(5.23) 



Nm-l — — , N m 2 



2m + 1 ' ' (2m-l)(2m + l) 

and using (|3.15|) we have 



(A';/') 

K| = |j| = 2, (AV') = (A + 4;£), 

|z|=2, |j| = l, |i| = l, |i| = 2, (A';0 = (A + 5,A + 3;£±1), 
|i| = \j\ = l, (A';0 = (A + 6,A + 4,A + 2;£±2,£), 

\t\ = l,j = 0, i = 0, \j\ = l, (A / ;/) = (A + 7,A + l;£±l), (A + 5, A + 3; £ ± 3, £ ± 1) , 
i = j = o, (A';*') = (A + 8,A;£), (A + 6, A + 2;£±2,£), (A + 4; £ ± 4, £ ± 2, £) . 

(5.24) 

In consequence a n , m , (*4.^ m e ) corresponds to the contribution in the operator product ex- 
pansion applied to the correlation function for all expected operators belonging to A^ m e . 
In ( |5.24j ) 6(A' ; £') > if A > £ + 1. Ifm<n<m + 3 the results are modified since 
we then obtain from ( |5.17| ) contributions with m' > n' . In this case, for n' > m' and 



a m '-ln'+l { A nm, i) non Zer °> We should take 

a n' m' i^nm/) ~ V-ln'+l i. J ^nm,t) ~^ a n ' m' { J ^nm,lj 1 (5.25) 

Furthermore any contribution with m' = n' + 1 should be dropped. Using this result and 
( |5.25|) we may then easily show that 

a n , m ,{A* n+u ) =0, (5.26) 

and for later reference we also note the symmetry relation 

a n' m'{Anm,e) = a m'-l n' + l O^m-l n+l,l) ■ (5.27) 
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The unitarity condition for a long multiplet A^ m t requires 

A>2n + £ + 2, (5.28) 
and so, as in ( |3.20| ), using ( |5.20|) we must have for u ~ 0, 

A nm {u,v) ~ u n+3+e , e>0. (5.29) 

We now consider the operator product expansion interpretation of the remaining terms 
in the in the solution of the superconformal identities given by ( |5.8| ) and (|5.9|) . The constant 
/c, whose contribution is just given by ( |5.10|) , clearly corresponds to the identity operator, 

a n m(1) = 5 n0 5 m o . (5.30) 

To analyse the contribution of the single variable functions f n in ( |5.11|) we use the 
result (|3.21| ) for the conformal partial wave for twist two operators as well as 



G W (uv) \ _ I zg e (x)-zg e (x) 

y £ ( ^'^Ia 1 =A 2 =A 3 =A 4 _ 2 z _^ ' 



with gg as in ( |3.22| ), for twist zero. Taking 

f n+1 (z) -> y i+2 {x), n = 0,1,2,... , (5.32) 



in (|5.13| ) and ( |5.11j ) then leads to results corresponding to only twist zero and twist two 



operators. These operators can be interpreted as belonging to a multiplet V n o t i, where in 
general we denote by T> nm ^ = T>[ n _ m 2 mn _ m ]£ the semi-short supermultiplet in which the 
lowest dimension operator has A = 2m+£, or twist 2m, and belongs to the [n—m, 2m, n—m] 
SU(4)r representation. These non unitary super multiplets are discussed in appendix D. 
For T> nrri; £ the conformal partial waves may be expressed in general in the form 

dn+im+j {Pnm,l) = Nn+i^Nmj Dl^™ , DJ 1 ^ = . (5.33) 



Corresponding to (|5.32|) we then have 



n n0 _ 1 Mt+1) n n0 _ 1 (Ml) , _ M i+2) \ 

U 2\ - 4 y £+3 ' ^20 - 4 \ y l+2 + a ^+2 * £+4 ) ' 

Bn = C + 2 2, + l(C ) 2 +« (+2 C + 4 2) ). 

D?g = 0^ + a f+2 C + 3 3) + \ + h Sf£ ] + a l+2 a l+3 e«5 3) ) , (5.34) 

n n0 _ M£+l) , n Mi+3) 1, M£+l) 

JJ Q1 -y e+1 +a i+ 2y £+3 +^o n y e+3 , 

n „0 _ M £ ) i u M. l + 2 ) i i lz, f/->C0 i r( e -+ 2 )\ 

-^00 - ^ "I" °l *£+2 ' &£+2 a £+3yg-\-4 "T 4" n ^f£_|_2 ~r ^-£+2 fc^-|-4 J > 
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whereas a,£ is as in (|3.16|) and 



2£ 2 _)-6^ + 3 

b e = a e+2 + a e+1 = {2i + 1){2i + 5) ■ (5-35) 

A list of relevant representations for differing dimensions contained in P n o,£ = T^[n,o,n],£ 
is listed in appendix D, the twist zero and twist two representations correspond with 
those necessary for (|5.34|) . For /g these results are modified. From ( |5.14|) only twist two 
contributions are required since, taking now fo(z) — > 2gi +3 (x), 

(n \ rW , 2(£ + 2)(£ + 3) r (i+ 2 ) . 

^ ' (5.36) 

(n \ — 2 fr( £ + 1 ) i (n \ _ 2 ^+ 2 ) 



Here we denote by C nm ^ = C[ n _ m 2 m,n-m]^ the semi-short supermultiplet in which the 
lowest dimension operator has A = 2n + £ + 2 and belongs to the [n — m, 2m, n — m] 
SU(4)r representation. 

The multiplets T^[ q , v ,q],t fail to satisfy the unitarity condition ( |5.28j ) on A and so their 
contributions as in Q5.34 ) must be cancelled in a unitary theory. This may be achieved by 



a corresponding long multiplet contribution. When A = 2m + £orA = 2n + £ + 2 the long 

nm,£ 



multiplet t can be decomposed into semi-short multiplets resulting in 



<wG*?3f) = 16 W( P «,<) + 4 2^ + l ) <W( P nm+M-l) , (5-37) 
and, at the unitarity threshold ( |5.28| ), 

W^mf 2 ) = 16 a n>m'(Cnm,t) +^fwfcl^-l) ■ (5-38) 

When n = m we have the special case 

<W Kt/) = 16 a n , m , (V n M ) + ^±^±gL w (C n+1 B+M _ a ) . (5.39) 

The results (|5.37|) , ( |5.38|) and (|5.38| ) reflect a decomposition of long multiplets at partic- 
ular values of A as described in appendix D. From (|5.37|) we may obtain a n , m ,(V nm ^) 
iteratively starting from (|5.34| ). With the notation in ( |5.33| ) the results are 



p\nm J_ f>U) yyim 1 /->(£+ 1) 

-^2 -2 _ 16 y 2m+f+4 ' -^21—4 y 2m+l+3 ' 

^2-1—16 l^2m+£+3 ^ ^2m+£+3 «m+£+2 y 2 m+£+5^ ' 

^2 - 16 I 4 ^2m+^+2 + a ™ ^ 2 m+^+4 + 4a m+^+2 t^m+^J 
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u \ -2 

U \ 1 
U \ -1 



-^10 



-^0-2 



7->nm 
-^0 1 

-^0-1 



-^0 



Ifc^ ^4r?( £ + 2 ) _l i„ 4_ „ rM+V \ 

4 l=='2m+£+2 ^ y 2m+^+2 ' 4 Um y 2m+f+4 *■ u m+£+2 y 2m+ £ +4: j ' 

16 l=='2m+£+2 4«m+l ^ 2m +^+4 

i Qr {£) , /, , l r {£) 

+ 8y 2m+f+2 + {Om+e + a m )y 2m+i+4 + 1 a m+ ia rn+ £ +2 y 2m+e+6 

+ iD ^2m+£+2 + ° a m+^+2 ^ 2 m+£+4 + a m+£+2a m +e+3 y 2 m+i+G> ' 
16 V y 2m+f+l /0 ™i y 2m+f+3 4 a " mC '" m + 1 ^2m+e+5 

+ iby 2m+f+i + 4(b m+£ + a m J^ 2m+£+3 + ^a m a m+ £ +2 ^ 2m+m 

, i« r>(^+3) , „ r>OH3) A 

+ i-ua m+ £ +2 y 2m+e+3 + 4a m+ £ +2 a m+ £ + 3 y 2m+e+5 ) , 

16 I y 2m+^+2 4«m+l y 2m _|_^_|_ 4 1~ u n y 2m _|_£_|_ 4 

. , ^(^+2) , i ^(.e) \ 

+ 4a m+ ^ +2 c, 2m+m + 5 a m+ ia m+ ^ +2 fe^m+^+eJ , 

if4C^ +1) +l a G il ~ 1] +b a (i+1) 

4 V* y 2m+f+l ^ 4 Um y 2m+^+3 ' Un y 2m+f+3 

+ 4a m+ ^ +2 t/ 2m+£+3 + i a m a m+ ^ +2 y 2m+e+5 ) , 

J_ / 1 ^(^-3) |^ A S~>(J^ 1) , / ,7 N^^-l) ,1 7 ^(^-1) 

16 V4 a ' m + 1 y 2m+f+3 4y 2m+f+l l a ™ + °n) y 2m+ £ + s ~T 4 «Tn+l0m+f y 2m+ ^_|_ 5 

+ 16^2^+^+1 + 4 (6 m+£ + &n) ^2^+^+3 + a ™+'+2( tt m + M ^2^+^+5 
1 

~T 4«m+l^m+^+2^m+£+3 y 2m _|_^_|_7 

. 1ft ^(^+3) , a \ 

+ J-t»a m+ ^ +2 y 2m+e+3 + 4a m _ N ? +2 a rn+ £ +3 t/ 2m+£+5 J , 

j_/ r (^-2) i /-.(^-2) , 1fir (f) , 

16 y 2m+ ^_|_ 2 + 4lm«m+l y 2m+ ^_|_ 4 + ID y 2m+ £ + ^flm + n J t/ 2m +^+ 2 

+ o, m (b m j r £ + b n ) G 2l ^ +i+4 + \a rn a rn -s r ia rn -s r £J r2 G 2 ^ l+i+6 

, lr , /-.(^+2) , , / I 7 \^(^+2) r>(^+2) 

+ iD0 m+ ^ f 2m+£+2 + 4a m+ £ +2 ^a m + n j t/ 2m+ ^ +4 + a m a m+ £ +2 a m+ £ +3 ^ 2m+£+6 
+ 16a m+ ^ +2 a m+ £ +3 ^2m+«+4) • (5.40) 



The corresponding results for the semi-short multiplet C nm / may be obtained from 
those for V n m £ given above by taking 



a n'm'( C nm,£) ~ V-l n'+l (Pm-1 n+l,l) ■ 



(5.41) 



Using ( |5.27| ) then (|5.38| ) easily follows from (|5.37|) . We may also verify that ( p.39|) is 
satisfied. Combining ( |5.37| ) for m = n + 1 with ( |5.26[ ) we may then obtain 



'm'i^-nrte) V-ln' + l(^w) " ^( ffl ri'm'(^™n^) V-ln'+l^'" 1 ^)) 



+ 



(n + l)(n + 2) 



^ - a m '_l n ' + l (Cn+l n+l,£-2) + O n / m / (C n+ 1 n+1,^-2 



(2n + l)(2n + 3) 

which for n' > m' , and noting the requirement ( 5.25 ), gives exactly ( |5.39| ). 



(5.42) 
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In general the results from ( |5.41|) can be expressed as 

S+im+j if"nm,l) = ^n+l,i^m,j C™™ , C^J 1 = 0. (5.43) 



For general n, m the necessary operators are just those given in table 4 of P^] . For m = n 
the relation (|5.41[) combined with ( |5.40|) in this case and applying the corresponding results 



to (|5.25|) gives 



u l 1 — ^2n+£+4 ' 

r nn _ ,1 Mi+l) , n t a (l+3) 

°10 — y2n+£+3 "T" 4°"- ^2n+£+5 a ™-+^+3 ^ 2 n+^+5 ' 

r nn_ r U) , 1 ^ C (^+2) 

i n(.i) i l r>(^+ 2 ) , ^(^+4) 

+ 1 -ga n a n+ i ^ 2n+ ^ +6 -t- ja n a n+ i + 3 y 2n+l+Q + a n+ £ +3 a n+ £ +4 y 2n+e+6 , 

r » _ 1 Mi) ■ fl^+2) , 1 t Mi+2) 

°1-1 ~ 4 y 2n+£+4 y 2n+£+4 4 an +^+ 3 y 2n+£+6 ' 

°0-l _ 4 y 2n+e+3 y 2n+£+3 "r 16 Url + 1 y 2n+^+5 4° n + t + 1 y 2n+£+5 ' 

^(^+3) l i 1 r»(^+3) 

+ ^ 2n+ ^ +5 + igOn+ian+^+s y 2n+e+7 + -^a n+ £ + sa n+ i +4: y 2n+l+7 , 

r nn _ 1 C (i-2) , 1 C W , ^(£+2) ,1/1. _ \ C W 

°-l -1 _ 16 y 2n+^+4 + 4 ^2n+^+4 + ^2n+£+4 iQ\°n+l+l «n+2j y 2n +£+6 

1 ^(^+2) . 1 M £ + 2 ) 

+ 4«n+£+3 ^ 2rt+ £ +6 + iQa n +£+3a n +e+4 y 2 n+£+8 ' 

_ 1 

°1 -2 — 4 ^2n+£+5 ' 

°0-2 — 4 ^2n+^+4 I6 a ™+1 ^2n+^+6 4 a n+^+3 y 2n +l+& ' 
-2 — 16 y 2n+£+5 4 »2n-M+5 l6 a "+^+3 ^ 2n +£+7 ' 
C-2-2 = T6 @2n+£+6 ■ (5.44) 

The necessary operators correspond exactly to those listed in |22| (see table 3) as present 
in the semi-short supermultiplet for this case. For n = (|5.44|) reproduces ( |3.21|) . We 
may also note that, since for m > 1, \ < a m < | and b n > 2 , all coefficients in (|5.44| ) are 
positive as required by unitarity. 

As in the M = 2 case the semi-short results also include the contributions for short BPS 



multiplets when extended to negative I. Formally as shown in |22[ C[g,p,g],-i — &[q+i,p,q+i] 
where B[ q ,p,q] denotes the BPS supermultiplet whose lowest state has spin zero, A = 2q+p, 
and belongs to the 577 (4) _r [q,p, q] representation. For q > the lowest state is annihilated 
by j of the Q and also Q supercharges whereas when q = we have a |-BPS multiplet 
with i the Q and Q supercharges annihilating the lowest state. As earlier we identify, for 
n > m, B nm = B[ n _ m> 2 m ,n-m] and we then have 

n + 1 

a n'm' ( C n m ,-l) = ^ - [ ^n'm' ( B n+1 m) , (5-45) 
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where 

ttn+im+j (Bum) = N n+lji N m j B™™ , f = B™™ = . (5.46) 

For general n, m we have 

and 



B™ = BM , (5.47) 



r>nm 1 r>{®) 

D 02 — 4 ^2n+2 ' 

r>nm 1 /">(0) 

-"-2 2 — 16 =='277+4 5 

nnm 1 /">(!) 

-"-12 — 5 ^2n+3 > 

rjnm _ .7(1) , 1 ^j(l) 
-"01 ~~ ^2n+l "> 4 U n+l ^2n+3 ) 

^1 = 1^+3 + ^+2^+5, (5-48) 

R nm _ 1 ^(0) 1/7(2) , 1 -(0) I M2) 

n -l 1 — 4 ^271+2 "I" ^2n+2 "I" I6 a ". ^277+4 "•" 4 an + 2 y 2n+4 1 

T^nn _ MO) l (h sMO) . ^(2) , 1 ~(0) 

-"0 — »2n "T 4l°m-l "nj ^277+2 ' u n+l 5^277+2 "•" i6 U n«n+l ^2n+4 5 

R nm _ 1/^(0) , 1 ( h n \/i(0) , 1 ^(2) 1 ^,(0) 

-"-2 — 4 ^2n+2 + 16 l°m-l ~ dn+l) ^2n+4 + 4 a ™-+ 2 ^2n+4 + 64a n +ia n +2 ^2n+6 ) 

r>nm _ -7(1) 1 It ( 7( 1 ) <7( 3 ) _l_ 1 « « rS 1 ^ 

-"-1 - ^2ti+1 + 4OTO-I ^2n+3 + °"+2 ^2n+3 + i6 a nan+2 ^2n+5 ■ 

Again all coefficients are positive and the necessary operators are exactly as expected for 
this supermultiplet (see table 2 in ||22|| ). For n = m + 1 the multiplet is truncated with, in 
( |5.46|) , the following non zero, 

R m+l m r?( 1 ) 

-"01 ~~ »2m+3 ) 

r>m+lm _ M0) , 1 -(0) M2) 
-"0 ~~ »2m+2 "T 4 "m »2m+4 *• u tt7+2 ^2777+4 ) 

Tjm+lm _ n (l) , 1 -7(1) , ^(3) 
-"-10 ~~ ^2m+3 "T 4 "777 ^2771+5 "> u m+3 5='27n+5 ' 

m = C+3 + I«m + 2 C+5 , (5-49) 

R m+lm_l fi (0) ,M2) , 1 -(0) 1 M2) 

n -l -1 _ 4 ^2m+4 T »2m+4 T I6 a ™-+1 ^2777+6 4 u tt7+3 ^2m+4 1 

nm+lm_l^(l) , 1 ^(1) 

-"-2-1 ~~ 4 y 2m+5 "T 16 u m+3 »2m+7 J 

om+lm 1 (-->(0) R m+lm 1 /->(1) rjm+lm J_ r>\0) 

-"0-2 ~~ 4^2777+4 ' -"-1-2 ~~ 4^2777+5 ' -"-2-2 ~~ 16 ^2777+6 ■ 

The necessary operators correlate again with those expected for this ^-BPS multiplet (see 
table 5 in 



If we consider the semi-short multiplet for I = — 2 we get 

a n , m ,(C nm ,_ 2 ) = -4a n , m ,(Bnm), (5-50) 
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which allows results for a n , m , (B nm ) to be derived for m = n in addition to m < n as 
given by ( |5.45| ). However in this case there is a further decomposition into contributions 
corresponding to ^-BPS multiplets. Such |-BPS contributions are obtained in ( |5.46| ) by 
letting B nm -> B nn and B™ m -> B?f where 

r>nn f(Q) fbnn fjnn f (2) 

D 00 ~ ^2n ' -°0-l — ^2n+l > -° - 1 - 1 — ^2n+2 > 



(5.51) 

4 ^2n+2 ) -"-l -2 — I ^2n+3 ) ^ -2 -2 — 16 ^2n+4 ) 



Ann 1 /-»(0) Ann 1 /->(!) nnn 1 r>(y) 

n 0-2 — I y 2n+2 ) -2 — I ^2n+3 ) -° -2 -2 ~ 16 ^ 



(the relevant operators here correspond to table 1 in ||22|1 ). With the result given in (|5.51J ) 
we can then write in ( |5.50| ) 

a n'm'{^rin) = a n ' m '(^nn) ~ ZjZ l^(2n +^3) an ' m ' (^ n+1 n+1 ) ' (5.52) 

From ( |3.31| ) and ( |5.30| ) it is also easy to see that 

^um{Boo) = a nm (X) • (5.53) 

Any ^-BPS contribution a n / m '($ nn ) may then be isolated by considering appropriate 
linear combinations of a n i m i{C nn -2) together with a n > m >(T). 

We also consider the extremal and next-to-extremal cases. When E = Q is indepen- 
dent of y, y and so must also be the function / in (|5.4| ). From ( |5.5| ) and (|3.35| ) we then get 
the solution 

6(u,v) = u? p + k, (5.54) 

where we define 

p± =p 2 ±pi. (5.55) 

Noting that 

P^' P2 \y,y) = |(p+ + 2), gV>(u,v;p_, P+ ) = t>+ , (5.56) 

it is clear that the only operator which is necessary in the operator product expansion has 
A = p + and is spinless belonging to the [0,p+, 0] representation. This is of course may be 
identified with the contribution of just the |-BPS operator belonging to the short i3[o, P+ ,o] 
supermultiplet so that for the extremal case, up to a constant factor, 

a n m{B[o,p + , ]) = S n0 S m o Q { p} . (5.57) 

The correlation function in this case has the very simple form 

<^ ) (xi,tl)^H^,«2)^ ) (^3,«3)^ ) (x 4 ,t4)>|^ + ^ 

= (h-ur (t T ur ( tl . t3 r . ( 5 - 58 ) 

„ Pi „ P2 P3 

'14 '24 '34 
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(5.59) 



For the next-to-extremal case, E = 1, we have a similar solution to that given by (|3[ 
and ( |5.9| ), but with no arbitrary K, term and / a single variable function of z, 

Q(u, v; y, y) = u^ 1 (k - ((y - z)(y - z)f(z) - (y - z)(y - z)f(z))) 

= a nm (u,v)P^- 1 ^- 1 \y,y), 

0<m<n<l 

where we have expanded in terms of the different possible SU(4)r representations. From 
this we obtain 

YqP+(p+ + l)(p+ + 2) an = a u = F , 

§(p+ + l)(p+ + 2) aio = a 10 = + ^ F , 

ip+ a 00 = a 00 = fc^" 1 +F 2 + F x + /" ~ w + F , 

P+ + 2 (p + + l)(p + + 2) 



for 



Fn(Zj ^ = _(_!)« ^ /( ^ _ ^ /( ^ . (5.61) 



Keeping only the term in ( |5.6U| ) involving k we may easily from ( |5.56| ) see that this 
represents the contribution of just the |-BPS chiral primary operator belonging to the 
B[q >p ,-2,o] supermultiplet so that in the next-to-extremal case we have 

anm(^[0,p+-2,0]) = ^nO^mO Gp+-2 ■ (5.62) 

If in (|5.60| ) and (|5.61j ) we let f(z) — > 2g£+s(x;pi,p2) and use the definitions in ( |3.40| ) we 
obtain the contributions for the semi-short supermultiplet C[o, P+ -2,o],^ 

on {C[0, P+ -2,0],i} = G p ++l+2 ) 

& m n _ ■ u M^ 3 ) . 4(l + 2)p_(p + +1+ 1) {£+2) 

aio{C [0iP+ _ 2 ,o],i) - V+^+i + ^+ 2 + p + ( p+ + 2£ + 2)(p + +2£ + 4) ^++^+ 2 ' 

- In \ n( £ ) i l l /->(^+4) r>(^+ 2 ) 

a>oo[L[o,p + -2,o],e) - y p+ +e + 01+201+3 y p+ +£+ 4 + c e+2 y p+ +£+2 

8(£ + l)p-(p+ + £ + l) 
(p+ + 2){p+ + 2£)(p+ + 21 + 4) V+^+i 



, x , + 2)p_(p+ + £ + 2)b e+2 {e+3) 
+ (p+ + 2) (p + + 2£ + 2) (p + + 2£ + 6) ' lD -° dJ 



for 

4(£ + l)( Pl +£)(p 2 + £)(p++£-l) 



(p+ + 2£- l)(p + + 2f) 2 (p+ + 2£ + 1) 



2£(p + + £-l) / p_ 2 (8(£-l)(p + +£)-p + (p+-l)) 

c ^ = 7 7~iT7 TTTn 1 W7> I ^ ~ 1 + 



(p++l)(p + +2*-3)(p + +2*+l)V^ (p++2)(p + +2£-2)(p + +2£) 

(5.64) 
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The necessary operators required for ( |5.63| ) correspond exactly with those in this semi-short 
supermultiplet (see table 3 in [p2|). 



Just as previously we may extend these ( |5.63| ) to £ = —1,-2 to obtain results for 
short multiplets. Thus 

a nm (C[o,p + -2 1 o] ,-i) = a nm (B[ lyP+ _ 2 ,i]) , , g ^ 

ftnra (^[0,p + -2,0] -2) = a nm {B[0,p + ,0] ) ~~ 4 d nm ($[0,p + -2,0] ) 5 

where, together with (|5.62| ), 

Oll(%,p + -2,l]) = Gp + + l ) 

- / k? \ WO) , ^P- (i) (2) 

aio(B[i, P+ -2,i]J - V + p+ ( p+ + 2 ) V+i + 61 V+2 ' (5.66) 

- / k? \ u fri 1 ) 8p_(p + + 2) (2) ( 3 ) \ 

aoo (S[i >P+ -2,i]) = h [g p++1 + p+[p+ + 2)[p+ + 4) % ++ 2 + h G p++3 ) , 

and 

an ( B [o, P+ ,o]) = Gp+ ' a io(#[o, P+ ,o]) = b Qpl +1 , a 00 (£[o, P+ ,o]) = h ^ $p++2 • ( 5 - 67 ) 
The necessary operators here correspond to table 5 and table 1 in J22J. 

The results obtained above show that the operator product expansion for |-BPS 
operators can be decomposed into short, semi-short and long supermultiplets. For p_ = 

p 2 -pi> 0, 

^[0,pi,0] ® ^[0,p 2 ,0] — B[n-m,p-+2m,n-m] 

0<m<n<pi 

®G3 ^[n-m,p-+2m,n-m],i (5.68) 

£>0 0<m<n<pi-l 

® ^[Ti-m,p_+2m,n-m],<! 
f>0 0<m<n<pi-2 

in accordance with the results of Eden and Sokatchev |2"4]] . In ( |5.68| ) we identify £>[o,o,o] — ^ 
corresponding to the unit operator in the operator product expansion. It immediately 
follows from Q5.68|) that long supermultiplets, with non zero anomalous dimensions, cannot 
contribute to extremal and next-to-extremal correlation functions. 



6. Crossing Symmetry 

The operator product expansion provides the strongest constraints when combined 
with crossing symmetry. For a correlation function for four identical chiral primary opera- 
tors the correlation function is invariant under permutations of all Xi, ti for all i = 1, 2, 3, 4. 
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Permutations of the form (ij)(kl) act trivially so we may restrict to permutations leaving 
X4, £4 invariant so that crossing symmetry transformations correspond to the permutation 
group 1S3, which is of order 6. The action of each permutation on the essential conformal 
invariants u,v or x, x or y, z and also on the /^-symmetry invariants a, r or a, a or y, y is 
given in table 1, where the transformations of x are identical to those of x, and similarly 
for z, a, y. 



e 


(12) 


(13) 


(23) 


(123) 


(132) 




e 


(12) 


(13) 


(23) 


(123) 


(132) 


u 


u 

V 


V 


1 

u 


u 


1 

V 







T 


a 

T 


j_ 

a 


1 

T 


T 


V 


1 

V 


u 


V 

u 


1 

u 


u 

V 




T 


a 


1 

r 


T 

a 


a 

T 


JL 


x 


X 
x-1 


1 — x 


1 

X 


x-1 

X 


1 

1-x 




a 


1 — a 


a 
a-1 


1 

a 


1 

l-a 


a-1 
a 


z 


—z 


2+3 
z-1 


3-2 

1+2 


3+2 
1-z 


2-3 
2 + 1 




y 


-y 


y+3 


3-y 
i+y 


y+3 


y-3 
2/+1 



Table 1. Symmetry transformations of variables under crossing. 

For the M = 4 case with Pi = p the crossing symmetry conditions on the correlation 
function Q{u, v;a, r) are generated by considering just (12) and (13) which give 



Q{u, v; a, r) = Q{u/v , 1/v; r, a) = rj Q(v, u; a/r, 1/r) 



(6.1) 



The general construction of such invariant correlation functions follows by determining 
polynomials in a, r which transform according to the irreducible representations of 1S3 . We 
first consider symmetric polynomials satisfying 



S p (a, r) = S p (r, a) = T p S v (a/r, 1/r) . 



(6.2) 



As described by Heslop and Howe [fL7l , for any given p, S3 acts on the \{p + l)(p + 2) 
monomials cr r r s , r + s < p, giving chains of length 6 or 3 or 1 which may be added to 
give minimal polynomial solutions of (|6.2| ). If the chain contains a monomial (crr) r , for 
< r < [hp], where [x] denotes the integer part of x, then this term is invariant under 
the action of the permutation (12) and the chain is of length 3, except if p is divisible by 
3 then (crr) p / 3 satisfies (|6.2|) by itself and so forms a chain of length 1. All other chains 
are of length 6. With this counting the number of independent such minimal symmetric 
polynomials is, 



(n + l)3n + 1 , p — 6n; 

(n + 1) (3n + q) , p = 6n + q, q 



1,2,3,4,5. 



(6.3) 



We list the first few non trivial cases in table 2, of course So (a, r) = 1. 
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V 
ir 


polynomial 




1 


a + r + 1 


(0,0) 


2 


a 2 +T 2 + l 

<TT + <7 + T 


(0,0), (1,0) 


3 


0" 3 +T 3 + l 

<T 2 r+crr 2 + cr 2 +T 2 +o- + T 
err 


(0,0), (1,0) 
(0,1) 


4 


<r +r +1 

<7 3 T+crT 3 +cr 3 +T 3 +(T + T 
a t -\-o +T 

(T 2 T-\-(TT 2 -{-(TT 


(0,0), (1,0), (2,0) 
(0,1) 


5 


a 5 +T 5 + l 

o- 4 T+o-T 4 +cr 4 +r 4 + cr + r 

0- 3 T 2 +(7 2 T 3 +Cr 3 +T 3 +(T 2 +T 2 

0" 3 T + 0"T 3 +(TT 
2 2 i 2 i 2 


(0,0), (1,0), (2,0) 
(0,1), (1,1) 



V 


polynomial 






<T 6 +T 6 + 1 






cr 5 r+crr 5 +(T 5 +T 5 + cr+T 






(T 4 T 2 + ( T 2 T 4 + ( T 4 +T 4 + ( T 2 +r 2 


(0,0), (1,0), (2,0), (3,0) 


6 


(J 3 T 3 +(J 3 +T 3 


(0,1), (1,1) 




4 i 4 i 
<T T-\-OT + <TT 


(0,2) 




3 2 i 2 3, 3 , 3 , 2 , 2 






-2 2 
(T T 




7 


a 7 +T 7 + l 

a 6 T+aT 6 +a 6 +T e +a+T 
a 5 T 2 +a 2 T 5 +a 5 +T 5 +a 2 +T 2 

(T 4 T 3 + ( T 3 T 4 + ( T 4 +T 4 + ( T 3 +T 3 
(T 5 T + (jr 5 + (JT 

(J 4 T 2 +(J 2 r 4 + (J 4 r+(JT 4 +(J 2 T+(Jr 2 

3 3 i 3 i 3 
„3^2 , 2 3 , „2 2 


en o) (i o) (2 0) (3 01 

(0,1), (1,1), (2,1) 
(0,2) 



Table 2. Symmetric polynomials. 

An alternative basis for S p , valid for general p, may be obtained by constructing from 
a, t two invariants ii, I2 under £3 and then introducing for any p a factor to ensure that 
( |6.2|) holds. With suitable restrictions the result becomes a polynomial expressible in the 
form 

Sp,(i,j) r) = (a + r + iy h(a, r)%(a, r) j , 

T , . <yr + a + t . . err 

Jl a ' r = ? T T i^2 ' /2 a ' r = 7 T 1 ' ( 6 - 4 ) 
(a + t + \y (a + t + I) 6 

i = 0,l,...,[Jp], i = 0,l,...,[|(p-2i)]. 

Lists of possible for p up to 7 are given in table 2. This result may also be easily 
expressed as symmetric polynomial in y, y by using 



a + r + 1 = Uyy + 3) , ar = - y 2 )(l 



2/ 



A = (a + r + l) 2 - 4(ar + a + r) = ±(3/ - yf 



(6.5) 



where A is defined in (|2.42|) . Completeness of the basis provided by (|6.4j ) is straightfor- 
wardly demonstrated by showing that it gives the same number of independent polynomials 
N p as given in ( |6~1 



For the antisymmetric representation of 1S3 we require, 



a — ► —a . 

(12) 



a — > a 

(123) 



(6.6) 
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while the two-dimensional mixed symmetry representation of 1S3 is defined on a basis (b, c) 
where 

It is easy to see that the tensor products formed by a a' and bb' + cc' are symmetric 
while (be' + cb' ,bb' + cc') is a basis for a mixed symmetry representation and be' — c b' is 
antisymmetric. 



a(cr, r) = /_ , _ , ^3 • 



For functions of a, r ( |6.6|) is satisfied by 

(a -r)(g-l)(r - 1) 
(cr + r + l) 

For p > 3, a (a, r)Sp t ^ t j\(a, r) is a polynomial if we allow i = 0, 1, . . . [\{p — 3)] and j = 
0, 1, . . . , — 2i — 3)] giving N p -s antisymmetric polynomials. For the mixed symmetry 
transformations in (|6.7|) there essentially two independent possibilities 



a — r a + t — 2 

h cr,r = ———— , ci((j,r)= — . (6.9) 

cr + r + 1 V3(cr + r + l) 

and 

62 a ' r = 7 — r rW c 2 ((T,r) = 7 =- — ■ — — . 6.10 

By considering (b r (a, r), c r (a, r))S p ^ij)(a, r) for p > r, r = 1,2, for appropriate i,j we 
obtain A^_ r polynomial mixed symmetry representations of 1S3. Together with the sym- 
metric polynomials SpUj) and aS p ^i^\ these provide a complete basis for two variable 
polynomials in a, r of order p since N p + 2(N p -i + N p -2) + N p s = \(p + l)(p + 2). We 
may also note that these polynomials form a closed set under multiplication since 

bi + ci 2 = § - Ah , >/3(26iCi, 61 2 - Cl 2 ) = 2(6i - 36 2 , Cl - 3c 2 ) , 

0102 + cic 2 = fli - 6/ 2 , a/3(6ic 2 + ci6 2 , »i»2 - cic 2 ) = 2(/i&i - 6 2 , iici - c 2 ) , 

6 2 2 + C2 2 = I/! 2 - 4/ 2 , ^(26202, 6 2 2 - C 2 2 ) = 2(3/2^1 - hb 2 , 3/ 2 ci - hc 2 ) , 

v^te -ci 6 2 ) = 2a, a 2 = ii 2 - 4/i 3 + I8/1/2 - 4/ 2 - 27/ 2 2 • (6.11) 

where I\ , I2 are the invariants defined in ( |6.4| ) . 

For M = 2 there are further restrictions as a consequence of ( |2.42| ). Taking p — > 2n 
we construct, instead of ( |6~^ ) since cr, r are expressible in terms of just a by (|2.43|) , the 
single variable polynomials f n of degree 2n, satisfying under the action of £3 

/»(<*) = /n(l - a) = (a - l) 2n f n (-^r) = a 2n f n (- 

Ka-U Ka, (fU2) 

= («-l) 2n /n( r J -)=(«-l) 2 ^n(^ ^ 

VI — a/ \ a 
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As shown by Heslop and Howe, [|I7J, the sum of terms produced by the action of 1S3 as 



given by ( |6.12| ) starting from a r generates a linearly independent set of polynomials for 
r = 0,1,... 
provided by 



r = 0,1,... [^n], giving [\n] + 1 solutions for f n . Alternatively an equivalent basis is 



S nJ (a) = (a 2 - a + l) n s(a) j , j = 0, 1, . . . , [±n] , (6.13) 
where s(a) is the S3 invariant 

a 2 (l-a) 2 (1-v 2 ) 2 

'<■»)= (0 »- a+ i). = 4 wy?- (6 - i4) 

The solutions given by (|6.13| ) correspond to ( |6.4|) for i = since A = in this case. A 
general polynomial solution of ( |6.12| ) is then given by 

f n (a) = (a 2 -a + l) n P(s(a)), (6.15) 

with P(s) a polynomial of degree [|n]. 

We may also consider othe representations of £3. For the antisymmetric representa- 
tion, as in (|6.8|) , we may define 



/ x , MMja + l) ^(y 2 -l)(y 2 -9) 
a{a) = {2a ~ 1] (a*-a + l)3 = 4 (^ + 3)3 ' ^ 

so that a(a)S n j(a) is then a polynomial for n > 3 and j = 0, 1, ... , [|n] — 1. For the 
mixed symmetry representation there are two essential solutions which can be written in 
the form 

h t \ 2a - 1 y 

01(a) = -2 TT = 4 2 7 q » 

— a + 1 y +0 

, v 1 2a 2 - 2a- 1 2 y 2 - 3 ((U7) 
cWa) 



and 



a 2 -a + l V3l/ 2 + 3' 



Ma) = (2a-1 

/ \ /q a(a-l) /o _y_-l 
C2(a) = V3 (a 2 -a + l) 2=4V3 (i 2 W 

It is easy to see that (6 r (a), c r (a))S' n) j(a) are polynomials for j = 0, 1, . . . , r)] if n > r 

for r = 1, 2. The basis provided by S n j(a), (b r (a), c r (a))S n j(a), r = 1, 2 and a(a)5 nj j(a) 
is then complete in that it gives 2n + l linearly independent polynomials, allowing for the 
expansion of any arbitrary polynomial of degree 2n, 2([^n] + [-^(n— 1)] + [3 (n — 2)]) + 5 = 
2n + 1. 
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For M = 4 the superconformal Ward identities require 

G(u,v,(t 7 t)\ i = f(x,a) , 

so that ( |6.1D gives 

a; (a — 1) x '' 



f(x,a) = f 



x 



x — 1 



1 — a 



1 — x 



f [1-x, 



a 



a — 1 



(ia)7 



1 1 



x a 



(6.19) 



(6.20) 



To obtain an extension to a fully crossing symmetric correlation function we may consider 
for any S p satisfying ( |6.2| ) 

/ ii. \ 

(6.21) 



Q(u, v; a, r) = S v (ua, — r 
which obeys ( |6.1| ) as a consequence of (|6.2| ). From ( |6.19| ) we obtain 

x(l — a) ' 



f(x,a) = S p \xa, ; _ ( 

which automatically satisfies (|6.20|) . 

For the Af = 2 case instead of (|6.1|) we have 

Q{u, v; a, r) = Q(u/v, 1/v; r, a) = r J C?(v, u; cr/r, 1/r) , 
where, with a, r constrained as in ( |2.43| ), the superconformal Ward identities are 



(6.22) 



(6.23) 



(6.24) 



where we also exhibit the crossing symmetry relations for the single variable function /. 
The corresponding solution to ( |6.21| ) is given by 



G(u,v; a, r) = S n ( u 2 a, r 



which implies 



f(x) — S n yx^, -r- 



X) 



(6.25) 



(6.26) 



In this case if we consider the contribution of individual factors in the basis given by (|6] 
to f(x) as expected from (|6.25|) and fl6.26| ) we have 



P 
R 



2 U 



U 



a= 

4 2 

—^(jt + u a H — n t 

V V 



2pq 



(6.27) 
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where 

x 2 — X + 1 . . x 2 



P{x) = — , q(x) = - . (6.28) 

1 — x 1 — X 



so that we have the relation R 2 = 4PQ. In consequence we may restrict in ( |6.4j ) to those 
polynomials with i = 0, 1. 

Conversely we may argue that for the M = 2 case all single variable functions f(x) 
may be expressible in terms of S n as in (|6.26| ) and therefore may be extended to a fully 



crossing symmetric form for Q(u,v;a,r) as exhibited in ( |6.25| ). To demonstrate this we 
suppose all solutions of the crossing symmetry relations in (|6.24j ) for / are solvable by 
writing 

f(x)=p(x) 2n g(s(x)), S ( X ) = -^L, (6.29) 

for some function g of the crossing invariant s given by ACT) . Note that for x -> 0, s ~ x , 
x — > 1, s ~ (1 — x) 2 and for x — > oo, s ~ 1/x 2 . From the superconformal representation 
theory for the corresponding contributions to the operator product expansion f(x) should 
be analytic in the neighbourhood of x = with singularities only at x = 1, oo. In conse- 
quence g(s) must be a polynomial which is then restricted to have maximal degree [|n] 
to avoid singularities when x 2 — x + 1 = 0. It is then easy to see that / can be written as 
a polynomial in P, Q with terms also linear in R, as defined in ( |6.27| ) , which is consistent 
with ( |6.26| ) where S n has an expansion in terms of S n uj\ with % = 0, 1 and j restricted as 
in (0). 

A similar discussion is possible for Af = 4. The function f(x,a) is required to be 
a general solution of the crossing symmetry conditions given by (|6.20| ) which is also a 
polynomial of degree p in a. It is also analytic in x in the neighbourhood of x = with 
singularities only at x = 1, oo. If we write 

fix, a) — P{x, ayglx, a) , P(x,a)= , (6.30) 

x — 1 

then g is an invariant under the action of 1S3 , as displayed in Table 1 . Determining a general 
form for g is then reducible to finding a basis for all possible independent invariants which 
may be formed from x and a. Since the action of £3 on any polynomial in a may be 
decomposed, up to functions of the invariant s(a), into contributions linear in 1, a(a) and 
(b r (a), c r (a)), r = 1, 2, as given in (|6.16|) and (|6.17| ), (|6.18|) , then a basis for such invariants 



is obtained, in addition to the separate invariants s(x), s(a), by combining these non trivial 
irreducible representations with corresponding representations involving x to give 

A(x, a) = a(x _1 ) a(a) , (6.31) 
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where a(x 1 ) = —a(x), and also 

Si(x, a) = bi(x~ 1 ) 61(a) + c\(x~ l ) c\(a) 

4 2(xa-l) 2 
~ 3 ~ (a 2 - a + l)(x 2 - x + 1) 
S 2 (x, a) = b 2 (x~ 1 ) 6 2 (a) + c 2 (x~ 1 ) 02(a) 
2a(l — a) x(l — x) 



S 3 (x,a) 



Si(x, a) 



(a 2 -a + l) 2 (x 2 -x + l) 2 

b 2 (x~ 1 ) 61(a) + c 2 (x _1 ) ci(a) 

2x(l-x) 
(a 2 - a + l)(x 2 - x + l) 2 

6i(x _1 ) 62(a) + ci(x _1 ) c 2 (a) 

2a(l - a) 



(xa — 2a — 2x + 1) , 



(6.32) 



xa 



2xa + 2a - 1) 



a: a — 2xa + 2x — 1) . 



(6.33) 



(a 2 - a + l) 2 (x 2 -x + 1) 
These are not independent since 

A(x, a) = I (Si(x, a)S 2 (x, a) — Sa(x, a)Si(x, a)) , 
S 2 (x, a) — I Si(x, a)5 < 3(x, a) — | ^(x, a) = — 2s(x) , 
^(x, a) — I Si(x, a)5 , 4 (x, a) — | S^x, a) = — 2s(a) , 
2(Ss(x, a) + ^(x, a)) — 6S 2 (x, a) + <Si(x, a) 2 — §5i(x, a) = | . 

A crucial further constraint arises from ( |5.5| ) which here requires that /(x,x _1 ) is a con- 
stant. Since P(x, x _1 ) = 3 we also require that g depends on invariants s r (x,a) such 
that s r (x, x _1 ) are constants. Taking account of the relations in ( |6.33| ) there are then two 
independent solutions which we take as 

^(x, a)s(a) R(x,a) s(x)s(a) 2 Q(x,a) 



si{x, a) 



R(x, a) 



S^x.a) 2 P(x,a) 2 
x(xa 2 — 2xa + 2a — 1) 



S2IX, a) 



Q(x, a) 



S^x, a) 3 P(x,aY 
x 2 a(l — a) 



(6.34) 



1 — x x — 1 

where _R(x,x _1 ) = 3, Q(x,x _1 ) = 1. It is then evident that g in ( |6.30|) must be of the 
form 

g = ^ CijSi sj . (6.35) 



E 

i,j>0 
2i+3j<p 



Noting that 



P(x, a) 
_R(x, a) 



iter H — r + 1 



w it 
— <jt + ua H — r 



<5(x, a) = — ar 



(6.36) 



47 



it is easy to see, as a consequence of ( |6.4|) , that I r (ua, ut/v ) \a=i/x = s r (x,a) and hence 
the expression given by ( |6.30| ) and ( |6.35| ) for the function / may always be extended to 
a fully crossing symmetric result for the full correlation function Q of the form ( |6.21| ) 
with S p (a, r) = (a + r + l) p Cij h((T, rf I 2 (a, r) j and where / satisfies (|6T22D . With 
appropriate coefficients for the independent terms in S p ( |6.21|) corresponds to the results of 
free field theory In general, using the formalism of harmonic superspace, the Intriligator 
insertion technique |26| demonstrates that only TL as in (|1.6|) or ( |1.7|) , or /C as in (|3.7|) or 
(|5.8|) , can depend on the coupling g, and so are dynamical. The functions f(x) or f(x,a) 
are then identical with the free theory, or g = 0, results. 

The remaining part of the correlation function may also be expressed in terms of 
S3 representations. It is convenient to define from ( |6.9| ) and (|6.10| ) (6/ (it, v ), c r '(w, v )) = 
(b r (l/u : v/u) : c r (l/u,v/u)). For the J\f = 2 case we may then write for the factor which 
appears in the solution of the superconformal identities in (|1 . 7| ) 



(ax — l)(ax — 1) = (a 2 — a + l)(it + v + 1)(| — \(b{ (it, v ) bi(a) + c{(u, v) ci(a))) . (6.37) 

For M = 4 we may also note 

(ax — l)(ax — l)(ax — l)(ax — 1) = -^u 2 (y — z)(y — z)(y — z)(y — z) 
= v + a 2 uv + r 2 u + av(v — 1 — u) + t(u + v — 1) + or u(u — 1 — v) 
= (a + r + lf(u + v + l) 2 Uh(u, v) + |/i((7, r) - 2I x (u, v)h(a, r) 

- \ (W(u, v) b 2 (a 1 r) + c{(u, v) c 2 (cr, r) 
+ 62 (u, v) hi (a, t) + Ci(u, v) ci(cr, r) 
- 3b 2 (u, v) b 2 (a, r) - 3c 2 (u, v) c 2 (a, r)) J . (6.38) 



The function fC in (|5.8|) must then satisfy the crossing symmetry relations 

JC(it, v; a, t) = fC(u/v, 1/v; r, a) = y— J r p ~ 2 K(v , u\ cr/r, 1/r) . (6.39) 

It is also of interest to extend the considerations of crossing symmetry to the next-to- 
extremal case when pi = p 2 = P3 = p, Pa = 3p — 2. In this case Q, defined by (|5.1|), must 
satisfy for the permutations (12) and (23) 

Q(u, v; a, r) = v^gf-, -;r,a) , Q(u, v; a, r) = u^a g(-,-; -, -) . (6.40) 
The solution ( p. 59 ) can be rewritten as 

^(w, f ; a, r) = w p_1 H — ^(a — 1/cc) (a — l/x)f(x) — (a — 1/x) (a — l/x)f(x) \ , 

(6.41) 
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and then (|6.40| ) requires 

'<*> = -'(^T 

A particular solution of ( |6.42|) is given by 

m = \ 



/(*) 



+ kx . 



x 



X 



X 



(6.42) 



(6.43) 



To obtain a general solution of ( |6.42|) it is then sufficient to seek the general solution fo(x) 
of (|6.42| ) with k = 0. Using results obtained above this is 



[x 



2)i(x + l)(2x-l) 



x + 1) 



h(s(x)) 



(6.44) 



(x — l)(x 2 

where s is the invariant defined by ( |6.29|) and ( |6.28| ). This introduces unphysical singular- 
ities for x 2 — x + 1 = unless cancelled by h. However, for compatibility with semi-short 
representations, h(s) must be analytic in s for s ~ (if h(s) = 1/s, which cancels the 
singularity at x 2 — x + 1 = 0, then fo(x) ~ 1/x for x — > 0). Hence we conclude that there 
is no possible solution of the form ( |6.44j ) and hence we only have (|6.43|) . In this case 



Q(u,v;a,r) 



u 

1 + a u + t — 

v 



(6.45) 



7. Large iV Results 

In this paper we have endeavoured to work out the consequences of superconformal 
symmetry for the four point correlation functions of BPS operators. As a result our 
considerations are lacking in dynamical input since we do not consider any details of 
M = 2 or M = 4 superconformal theories. The results of our analysis demonstrate that 
the details of the dynamics resides in the function H, which appears in (|1.6|) and ( |1.7|) , 
or K as in (|5.8|) . In particular cases results have been obtained using perturbation theory 
or with the AdS/CFT correspondence 0,|6|,[F]] . We here summarise some of the results 
obtained in * n the context of this paper. 

For pi = p in the large iV limit the leading result is, with a suitable normalisation, 
simply obtained from free field theory 

g (u,v;a,T) = l + (au) p + (r -J . (7.1) 
The definitions (|5.4| ) and ( |5.5| ) then give 

/0( ^ 1 + ( l±| r + ( i^ r , ( , 2) 
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Using (|5.8 ) we can then determine, assuming IC(u, v; a, r) = j^u H(u, v; a, r), for p = 2 



H (u,v;cr, r) = 1 + \ , (7.3) 



v 2 



and for p = 3 

tto(«, u; a, r) = ^ (±(a + r)u(l + v 3 ) + \{<r - r) ( - 3u(l - v 3 ) + 2(1 - v)(l + w 3 )) 

+ w(l+w 3 )-l + 2w + 2w 3 -w 4 ), (7.4) 

while for p = 4 

Ho(u,v;ct,t) = ^<rr« 2 (l + w 4 ) 

+ |(cr - r) 2 (2(l - w) 2 (l + v 4 ) - 5u(l + w 5 ) + 3uv(l + w 3 ) + 4w 2 (l + w 4 )) 
+ i(a 2 - r 2 ) («(1 - u)(l + v 4 ) - 2u 2 (l - v 4 )) 
+ ±(a + T)(-(l-v) 2 + u(l + v))(l + v 4 ) 

+ i(<7-r)((l-u)(-3(H-v) + 7m)(1+w 4 ) + 8v(1 - v)(1 + v 3 ) -4w 2 (1- 
+ 1 + v 6 - 3v(l - v)(l - v 3 ) - 2u(l - v)(l - t> 4 ) + w 2 (l + v 4 )) . (7.5) 



t> 4 



In each case the crossing symmetry relation Hq(u, v; a, r) = H.q(u/v, 1/v;t, ct)/v 2 is satis- 
fied but the corresponding one for u <-> t> is not since it is necessary to take account of the 
function fo(z,y) then as well. 

The large iV results obtained through the AdS/CFT correspondence are expressible 
in terms of functions D nin2nan4 (u,v) which satisfy various identities listed in |16| and @. 
When p = 2 

H(u, v;a, r) = -j^ u 2 D 2 A22{u, v) , (7.6) 

and for p = 3, 

9 

H(u, v; a, r) = -— w 3 ((1 + a + r)£)3533 + L> 3 522 + o ^2523 + r ^2532) • (7.7) 

For p = 4 the results obtained in can be rewritten as 
H(u, v;a,r) = -^ u 4 ((1 + a 2 + r 2 + 4a + At + 4 ar)D 4 644 

+ 2(L>4633 + -D4622) + 2fT 2 (L>3634 + -^2624) + 2r 2 (D3 643 + £>2642) 
- 4(t(D 46 24 - 2D 36 2 3 ) - 4r(D 46 42 - 2D 3632 ) 

-4ar(D 2644 - 2D 253 3)) • (7.8) 
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Since fC(u, v; a, r) = jqU 2 H(u,v;<j,t) it is easy to verify both the crossing symmetry 
conditions (|6.39| ) using D identities. Furthermore the results given by (|7.6|), ( |7.7| ) and 
( [7.8| ), in which overall factors of u p are present, are manifestly compatible with the unitarity 
conditions flowing from ( |5.16|) and (|5.29|) since the leading log. term D nin2n3n4 (u,v) is 



\ogu itself. When expressed in terms of conformal partial waves {?X+4 ^ * s easv to see in 
each case that only contributions with minimum twist A — £ — 2p are required. Hence ( [7.6| ), 
( [7T7|) and (|7.8| ) require the presence of operators belonging to long multiplets which have 
anomalous dimensions with twist, at zeroth order in 1/N, A — I = 2(p + t), t = 0, 1, 2, . . . 
for the lowest scale dimension operators in each multiplet. The condition A — I = 2p 
is stronger than that required by unitarity ( |5.29| ), with n < p — 2, which shows that for 
any representation some low twist multiplets decouple (thus for the singlet case twist 2 is 
absent as it disappears in the large iV limit but twist 4 multiplets, which are necessary in 
the p = 2 correlation function, decouple from the correlation functions for p — 3, 4). 

To obtain the anomalous scale dimensions in detail it is necessary to decompose both 
( pip , O, ([FID and Q, d774|), (JTJfy in terms of different representations, as in (|TT|), 
and then to expand each term in conformal partial waves. The expressions ( |7.3| ), ( |7.4| ) 
and ( [7.5|) require contributions with twist zero and above but the corresponding low twist 
operators in long supermultiplets, for which there are no anomalous dimensions, are can- 
celled by semi-short multiplets which are required by the expansion of fo(z, y). For p = 2 
and p = 3 a detailed discussion is contained in |16[ and (although some details are 
different the analysis is equivalent to the the results that would be obtained by expanding 
U as given by Q and Q). 



8. Conclusion 

In this paper we have derived requirements arising from M = 2 and M = 4 su- 
perconformal symmetry for the four point correlation functions of BPS operators. The 
derived conditions are clearly necessary but not manifestly sufficient in that it is possible 
to imagine that there are further constraints arising from superconformal transformations 
involving higher levels, although we have no reason to suppose that there any such addi- 
tional conditions. A related question is whether the four point correlations functions of 
all descendant operators are determined uniquely from the basic correlation function for 
the superconformal primary BPS operators. In the simplest three point function case the 
correlation function for various descendants, including the energy momentum tensor three 



point function, was calculated by hand in [16|. In a superspace formalism these questions 



are straightforward to address, the question of uniqueness depends on whether there are 
any nilpotent superconformal invariants which are formed from the anti-commuting 9 co- 
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ordinates. Nevertheless it would be nice to show directly that the correlation function of 
all descendant operators could in principle be obtained by the action of differential opera- 
tors acting on the basic correlation function, subject to the conditions for superconformal 
invariance derived here. 

Another area of possible future investigation is whether the requirements of cross- 
ing symmetry and superconformal invariance might be extended further using constraints 
arising from factorisation and the operator product expansion, as in the classic bootstrap 
framework. In the above we showed how there were conditions on the single variable func- 
tions that arise in the solution of superconformal identities which dictate that they are 
essentially of free field form. Our arguments are restricted to the case where all but one 
of the operators in the correlation function are identical. 

Finally we may mention that the use of null vectors t to conveniently express arbitary 
rank traceless symmetric tensor fields in the form ^ p \x, £), homogeneous of degree p in t, 
may for conformal fields be also written in terms of homogeneous coordinates r\ A on the 
null cone r/ 2 = [j2^] such that <j>(p) (Xr) , t)) = X~ A (p^ (77, t). For M = 4 both rj and t are 
6-vectors. The expansion in terms of harmonic polynomials as discussed in appendix B 



has a direct analogue to the conformal partial wave expansion which was explored in [28]. 
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Appendix A. Results for Null Vectors 



We discuss here some results for null vectors t r which are useful in the text. For 
generality we allow t to be <i-dimensional. As a consequence of ( |1.3|) differentiation requires 
some care but for any null vector a we may define as usual 



(a-t) n = n(a-t) n - L a 



(ai; 



More generally for a set of null vectors ai, 02, • • • , a p we have 



d 



a; 



i=l 



R UiUj cii-cij (ai-t) ni . . . (cii4) 

l<i<j<p 



m—1 



(a r ty 



where 



R 



2N + d-4 



{a p -t) n n, 

(A.2) 
(A.3) 



i=l 



The right hand side of ([A. 2 ), with ( |A.3|) , may be represented in the form 

(^--t — k — ; d 2 ] T\(ai-t) ni , (A.4) 
\dt 2t-d + d J A V 

where the action of the derivatives is as usual, without regard to the constraint t 2 = 0. 
The resulting operator is equivalent to a definition given in [18] for an interior differential 
operator on the complex null cone. 

From ( [A.2| ) we may readily find 



d_ _d " " 

dt r ' dt. 



i=l 



i=l 



i=l 



(A.5) 



We also have 



d_ 

dt r 



i=l 



2N + d - 2 



^ J-) > ( A - 6 ) 

' i=l 



which implies 



W [t r [[(a,t) = m + d _ 2 U(M) • (A.7) 

x i=l ' i=l 
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Defining the generators of SO(d) by 



Lj-g t r d s t s d r , 



(A.t 



then the above results give 



L ru L su \{{a v t)^ =-((N + d-3) t r d s + (N-1) t s d r + N 5 rs ) Y[(a r t) ni , (A.9) 



i=l 



and 



\L rs L rs n^-ty* = -N(N + d-2) H(ai-t) ni , (A.10) 

i=l i=l 

which reproduces the appropriate eigenvalue of the Casimir operator for the representation 
formed by traceless rank iV tensors. 



If V r (t) is homogeneous of degree N then in general 

V r = V r + > trVr = ■ 

as used in ( |2.24| ) and ( |4.12| ) . If V r also satisfies 

d d d 

dt r s dt s r dt r 



(A.11) 



(A.12) 



then, by contracting with t s and using (|A.5| ), ( |A.6|) , we easily see that V r = 0. As a further 
corollary if V r = d s U rs , U rs = -U sr , d[ r U su ] = then (N + l)V r = d r (\L su U su ) with L su 
as in (|A.8|) . In general we have the decomposition 



v - 2N + d-4 

(2N + d-2)(N + d-3) r 



1 



{2N + d)(N + d - 3) 



((2N + d- 2)d s (t r V s - t s V r ) + 2 d r {t-V)) . 



(A.13) 



Appendix B. Two Variable Harmonic Polynomials 

For the expansion of four point functions in terms of /^-symmetry representations we 
consider here the eigenfunctions of the SO(d) Casimir operator 

L 2 = ^L rs L rs , (B-l) 

where the generators are 

L rs = tlrdls — tl s dl r + t2 r d2s — ^2s^2r j (B-2) 
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formed by homogeneous functions of the null vectors ti,t 2 ,t 3 ,t4. Obviously L rs t\-t2 = 
and hence L 2 (t 1 -t 2 ) k (t 3 -t 4 ) 1 /(a, r) = (t 1 -t 2 ) k (t 3 -t 4 ) 1 L 2 f(a, r), where a, r are given by (|Tjj)- 
We therefore first consider eigenfunctions which are polynomials in a, r 

t 

t>0 g=0 

satisfying 

L 2 Y (a, r) = -2CT (a, r) . (B.4) 

With the aid of the given in appendix A we may easily calculate the action of L 2 on 
a monomial formed from a, r, 

L 2 (a p r q ) = -2((d -2){p + q) + 4pq)a p r q + 2(1 - a - r) V + qVt 9 " 1 ) , (B.5) 



or 



d d d d 



' 1 ^ da° da dr T dr ) ° daOr 



0' 



-( rf - 2) (4 + ^)'( R6) 



5 



Alternatively may be written in the form 
1 



T> d =-(twGd, G 
w 



cr(l — a — t) —2ot 
—2ar t(1 — a — t) 







Oct 
Or 



(B.7) 



where, with A = (^ + yfF + 1)(^ + y/r - l)(y/a - y/r + l)(y/a - y/r - 1) as in ( ^42|) , 



in;ix = n, we must have that c Uiq forms an 



In general, for a polynomial as in (|B.3|) with t 
eigenvector for an (n+1) x (n+1) matrix M, 



-M n ^pqC n q Cc n p , -M n pq 



5 pq (n(n+d-2)+2p(n-p))+5 pq - 1 q 2 +S pq+1 (n-q) 2 . (B.9) 



The coefficients ct, g with t < n may then be obtained by solving recurrence relations. For 
given n there are n + 1 eigenvectors solving ( [B.9|) and the corresponding eigenfunctions are 



Y nrn (a,T) , C nm = n(n + ef — 3) + m(m + 1) , n = 0,1,2,..., m = 0, ...n. (B.10) 



As a consequence of (|B.7|) and flB.8|) the polynomials are orthogonal for d > 5 with respest 
to integration over a, r > 0, -^/ct + y'r < 1 with weight w (for a general discussion of such 
two variable orthogonal polynomials see |29| , |3~0"1| ) . 
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The polynomials Y nm are also eigenfunctions for higher order Casimir invariants. Let- 



ting 

i L rs L s tLt u L ur — \ L 2 L 2 + — 2)(d — 3) L 2 — » Q 
then acting on any K(a, r) we may express Q in a form similar to ( |B . 7| ) 



A* 



ar t 



ar 

2 



d 2 



d 2 

2a a + t - 1 
a + r - 1 2r 



+ (d - 2) ^ - (8, A*<<<- 3 ) 9 T + 9 T Ai< d - 3 > 9„) . 

The harmonic polynomials then satisfy 

QY nm = —(n — m)(n + m + l)(n + m + d — 3)(n — m + d — 4) Y n 



(B.ll) 



(B.12) 



(B.13) 



Using (p3 . 5|) it is straightforward to construct the first few eigenfunctions satisfying 
( B.4Q by hand. With an arbitrary normalisation, we find for n = 0, 1, 2, 3, 



ioo(c,T 
Y w (a,T 
Yn(a,T 

Y 21 (a,r 
Y 2 2{cr, T 

Y 3 o(v,t 
Y 3 i(a,T 

Y 32 ((T,T 
Yzs{(T,T 



1, 

C-T, 

a 2 + r 2 - 2ar 



(°" + r ) + ( d _ 2 ) 2 (d-l) 



CT 2 + T 2 + 4(TT 



a 

a 3 

+ 



3a 2 r + 3ar 2 - r 3 6 



8 / \ 8 

d+lO 7 + T ) + (d+2)(d+4) ' 

^(a 2 -r 2 )+ 12 



cr - r 



a 2 r - err 2 + r 3 



(d+4)(d-2) 



d(d+l) 
2>^ , 8(d-6) 



4(3d+2) 



(d+l)(d+4)(d-2; 



(d+l)(d+4)(d-2) 



a J + 3a 2 r - 3ar 2 - r 3 



r 3 
r 3 
+ 



d+6 ^ u 



r 2 ) + 



(d+4)(d-2) 



24 



(d+4)(d+6) 



ar 



r) 



o-' 5 -| 9a" r ^ 9crr J + r J - ^ (a 2 + r 2 ) - ^ ar 
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_2 



(B.14) 



(d-t-6) (d-t-8) ^ (d+4)(d+6)(d+8) • 

Up to an overall normalisation for d = 6 each term may be identified with terms in the 
projection operators constructed in [§ where Y nm corresponds to the 577(4) ~ £0(6) 
representation with Dynkin labels [n — m, 2m, n — m] . For m = n in (|B.10|) we have 



-n, g = (g) and the recurrence relations may be easily solved giving 

Y nn {a, r) = A n F 4 (-n, n + \d - 1; 1, 1; a, r) , 



(B.15) 
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where is one of Appell's generalised hypergeometric functions^ and A n is some overall 
constant. 



To obtain more general forms (see we used the variables a, a defined in (|1.5|) . 
Acting on Y(a, r) = V(a, a) = V(a, a) 

\L 2 V{a, a) = V d V(a, a) , (B.16) 

where, using ( |B.5| ) or ( |B.6| ), we now have 

V d = — a(l-a) — + — a(l-a) — + (d-4) -(a(l-a)- a(l-a)— ) . (B.17) 

Corresponding to (|B.4j) and ( B.10| ) we have 



^ nni (a,a) = -(n(n + d - 3) + m(m + l))V nm (a,a) , (B.18) 

where V n m(oi, a) are generalised symmetric Jacobi polynomials. For particular d simplified 
formulae may be found in terms of well know single variable Legendre polynomials P n . 
When d = 4 it is clear from (|B.17|) that P4 is just the sum of two independent Legendre 
differential operators so that 

P nm (a, a) = \ (P n (y)P m (y) + P m (y)P n (y)) , n > m , (B.19) 

with y, y defined in (|5.3|). For d = 6 we may use the result 

£>6 = (T> 4 + 2) , (B.20) 

a — a a — a 

to see that we can take the eigenfunctions to be of the form 

Prim (o!) Of) = Pn+lm (y,y), n>m, (B.21) 

where 

/ — \ / — \ Pn{y)P m {y) - P m {y)P n {y) ,„ 

Pnm{y, y) = ~Pmn{y, y) = z • (B.22) 

y-y 

It is also of interest to consider d = 8 when we take 

„ , . F(a,a) 

Pa,a = 1 ' J 2 , B.23 
(a — ay 



F 4 (a,b;c,c';x,y) = ^ 



m+n m n 

(c) m (c%m! n! 
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and the eigenvalue equation becomes 



2 ( o d 

V§F(a, a) — —-^ [ail — a)— —((a — a)F(a, a)) — ail — a)—^((a — a)F(a, a) 

(a — aj z V da da 

= -(C + 4)F(a,a) . (B.24) 



If we assume 

F(a,a) = ^2a nrn p nm (y, y) , (B.25) 
and use, from standard identities for Legendre polynomials, 



((i - y 2 )§- - (i - f)§A ((y - y) Pnm (y, y)) 



y-y\ dy dy 

m(m + l), ( . , n(n + l), x 

= -= — — r- (Pnm+i(y,y) -Pnm-x(y,y)) - -z — r^-{p n +im{y,y) -Pn-im{y,y)) 

2m + 1 2n + 1 

(y - y)Pnm(y, y) = ^ 1 ((" + l)p n+ i m (y, y) + np n - lm (y, y)) 

- 1 ((m + l)p nm+1 (y, y) + mp nm -i (y, yj) , (B.26) 

then we may set up recurrence relations for a nm which for the appropriate value of C have 
just four terms. For C = n(n + 1) + m{m + 1) — 6 (|B.25| ) gives a solution 

qnm(y,y) = , ^ . 2 j J^+'i ( n + TO ) (n - m - 1 )Pn+im(y, y) 



+ n n . A n + m + 2)(n - m + i)p n -im(y, y) 

2n + 1 

n + m)(n - m + l)p nm+1 (y, y) 



(B.27) 



2m + l 

m 



(n + m + 2)(n-m- l)p nm _ x {y,y) 



2m + l 

where <? nm (y, y) = -q mn {y, y), Qnniy, y) = Qn+iniv, y) = 0. Hence we can take 

V nm (a, a) = (y,y)- (B.28) 



The above results for harmonic polynomials in a, r are relevant for discussing four 
point functions when each field belongs to the same SO(d) representation. For the more 
general case we also consider instead of ( P-4|) , 



L 2 ((t v U) a {t 2 -U) h Y^ h \a,T)) = -2C((t v U) a (t 2 -U) h Y^ h \a,T)) , 
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(B.29) 



where now the action of I? is determined by 

L 2 {{t v ur{t T U) b a^) 

= {h-UYitTUfipVa -( a + b)(a + b + d-2)-4ap- 4bq) (a p r q ) ( B .30) 
+ 2(1 - a - T)(bpa p - l T q + aq^^' 1 ) 



or 



1 L 2 ((t v t 4 ) a (trt 4l ) b f(<T,T)) = {t v U) a {t 2 d A ) h {V d ^ b) -\{a+b){a+b+d-2))f{a,r), (B.31) 



2 



where 

Ja,b) ~ >/ o . o\ . o - 9 



V d + (l-a-r)(a- + b-)-2aa--2br-. (B.32) 

This may also be written in the form ( |B.7| ) with w = a b r a ( d-5 ) . The possible eigenvalues 
for polynomial eigenf unctions with maximum power p + q = n are then determined by the 
matrix 

M n , pq = 5 pq (n(n + d-2 + a + b) + \{a + b)(a + b + d - 2) + 2p{n - p) + a(n - p) +bp) 
+ 5 pq - 1 q{q + a) + 5 pq+1 (n - q)(n- q + b) . (B.33) 

The eigenfunctions Ynm(cr, r) for m = 0, 1, . . . , n then have eigenvalues 

C nm = (n + ±(a + b))(n + ±(a + b)+d-3) + (m + \{a + b)) (m + \{a + b) + l) . (B.34) 

For d = 6 Ynm^ corresponds to the representation [n — m, a + b + 2m, n — m]. The simplest 
non trivial examples are 



Y " {a ' T)=a - T+ a + b + d-2 > 
Fr ) (^r) = J-. + ' 



(B.35) 



6+1 a + 1 a + b+^d 



Corresponding to ( |B.15| ) we have in general 



Yj& b) (cr, t) = A n F 4 (-n, n + a + b + \d - 1; b + 1, a + 1; a, r) . (B.36) 

Again more explicit results can be obtained by using the variables a, a. In (|B.32|) the 
differential operator now becomes 

V { t b) =V d -(aa-b{l-a))^-(aa-b{l-a))^ (B.37) 
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with Vd given in (|B.17| ). Denoting the eigenfunctions of f)^ ,b ^ by Pmn (a, a) then previous 



results for d = 4, 6 for the eigenfunctions can be extended by using Jacobi polynomials 
Pn a ' b \ For d = 4 T>)°' ,b ' = + .0^ where D^ a,b " > is the ordinary differential operator 

defined by 

L>(«> b ) = - «) A _ a «A + 6 (i _ a ) A . (b.38) 

da da da da 

The eigenfunctions of D^' b ^ are just Pn a,b \y), where y = 2a — 1 and the eigenvalues are 
—n(n + a + b + 1). For d = 6 the generalisation of ( |B.21| ) and ( |B.22| ) is then 



P {a,b) (v)P {a ' b) (fA - P^dAP^dl) 

When d = 3 the above results need to be considered separately since cr, r are not 
independent and satisfy the constraint ( f2.42| ). The eigenfunctions Ynm b \cr, r) are also 
restricted since Yh b) (a,r) = for m < n - 1 as a consequence of ( |2.42| ). To obtain 
eigenfunctions of L 2 in general we make use of the solution (|2.43j ) which amounts to setting 
a = a in the above, so that we are restricted just to single variable functions. Instead of 
( P3I| ) we have 

L 2 {{trU) a {t 2 -U) b f{a)) = (h-t 4 ) a (t 2 -t 4 ) b -( a + b)(a + b + l))/(a) , (B.40) 

using the definition ( p.38| ). In consequence 

L 2 {{t v t 4 ) a {t 2 -t 4 ) b P^ 2b \y)) = -{n + a + b)(n + a + b + 1) {t v U) a (t 2 -t 4 ) b P^ 2b \y) , 

(B.41) 

corresponding to the (n+a+o)-representation for SU{2) ~ SO(3). Hence for d = 3 we may 
then take 

Vt b \a,a) = Pt' 2b \y) , ^(a,a) = p£ a _f \y) , (B.42) 

with Vnm (a, a) = for m < n — 1. 

For <i = 3 there are also eigenfunctions involving cross products. To consider these we 
first define 

T 1 =t 1 -t 3 x t 4 (trUy^ih-U) 11 , T 2 = t 2 -t 3 xt 4 {t 1 -t 4 ) a {t 2 -t 4 ) b - 1 , (B.43) 

and consider eigenfunctions of the form Tifi(a) + T 2 f 2 (a). The action of L 2 on such 
functions is given by 

(L 2 + (a + b- l)(a + b)) (T x h + T 2 f 2 ) 

_ (T rp \ f D( 2a ~ 1 ' 26 + 1 ) - 2a -2a \ ( h\ (R44) 

l2) { -2b D( 2a+1 > 2b -V -2b) \f 2 
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However for t% three dimensional null vectors the basis given by ([B.43 ) is not independent 
since we have from ( |2.55| ) 

Ti(l-a)+T 2 a = 0, (B.45) 

so that fi , f 2 are not unique. If we use this freedom to set / 2 = the eigenvalue equation 
for L 2 reduces to 



^(2a-l,26+l) _ 2a + 2b _ (fl + b _ 1)(a + b ^ fl 

= 1 (d(2o-i,26-i) - (a + 6 - l)(a + 6)) (a/i) = -Cfi 



(B.46) 



which has solutions proportional to Jacobi polynomials, 

f 1 (a) = -Pi ia - 1 ' 2b - 1) (y), C=(n + a + b-l)(n + a + b). (B.47) 
a 

For n > 1 the apparent singularity for a — > may be removed by using ( |B.45| ) to give 
an appropriate non zero f 2 . The eigenfunctions for the solution in ( |B.47[) correspond to 
the SU(2) (n+a+b— l)-representation. Alternatively we may set fi = and obtain the 
corresponding equation 

_L_ ^(2a-l,26-l) _ (a + b _ 1)(a + ^ ((1 _ a)/j| j = ^ (B 48) 



Appendix C. Calculation of Differential Operators 

A non trivial aspect in the derivation of the superconformal identities is the deter- 
mination of the differential operators (|2.48| ) which appear in ( |2.47|) . To sketch how these 
were obtained we first obtain, for any dimension d and arbitrary f(a, r), 

±(k+a + \d - 2) L 2[rs d lu] {(t v t 2 ) k (t 3 -U) l (t v unt 2 -U) b f) 

= — (t\-t 2 ) 2 (t 3 -t4) 1 (ti-t4) a (t 2 -t4) (ti[ r t 2s t Su ] t 2 -tkT>\ + ti[ r t 4g t 2u ] t 2 -tz T>2 

+ {k + a+\d-2) t 2[r t 3s Uu] h-t 2 (V a - V T j)f, (C.l) 

where 

^ ( 9 a \ ^ ( d d „ . \ . 



(C.2) 

-T> T ), 
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for 



Q2 q2 q2 

+ (6 + 1) — - (a + b + \d)[cr— + r g-) +k(k + a + b+ \d- 1) 
^ , J 2 J 2 d 2 



(C.3) 



dr 2 da 2 dadr 
+ (a + 1) — - (a + b + |d) (a — + r— J + fc(fc + a + 6 + |d - 1) . 

In terms of ( p.32| ) and ( |B-6|) we have 

The operators in ( |C2| ) satisfy the identity 
2(<7 - r + 1)1?! + 2(r - a + 1)Z> 2 

= D 2 A^ b) " + ^ + 7) " ^) - (2k + 2a - 1)(D CT - V T ) , (C ' 5) 

with A as in ( |2.42|) and, as well as ( |C.4| ), defining 

^ = (ff _ T+1) ^ +( „_ T _ 1) (| : + £). (C.6) 

When d = 3, and A = 0, this result with ( |2.55| ) leads to the simplified form for ( |C.1[ ) 
4(fc + a - i) J- • L 2 {(t v t 2 ) k (h-U) l (t r U) a {t 2 -U) h f) 

= ~t 2 ■ h x t 4 {h^^ih-uy-^trUTitrUf D 2 {D^ 2 ^ + 2k(2k + 2a + 2b + 1))/, 

(C.7) 

letting /(a, r) = /(a) and D 2 —> D 2 for 

Z> 2 = iL--^. (C.8) 
da 1 — a 

From ( |B.40| ) the operator D^ 2a ' 2b ^ + 2k(2k + 2a + 2b + 1) acting on /(a) corresponds to 
L 2 + (2k + a + 6) (2k + a + 6 + 1). We may also note that 

f) 2D (2a,2b) = _J_ D (2a-l,26+l) (1 _ ^ (ag) 

1 — a 

and in (£7|) from @Oj) 

t 2 ■ t 3 x £4 (trt2) fc " 1 fe-t4) Z " 1 (trt 4 ) a (t2-t4) & 

x -J— (£)(2»-i.26+i) + 2 yfc(2fc + 2a + 26 + 1)) ((1 - a)/) (CIO) 
1 — a 

= (L 2 + (2k + a + b)(2k + a + b + l))t 2 • t 3 x *4 (tr^ - ^^ - ^^)"^-^) 6 / • 
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The equivalent results to (|C7|) for L 2 — > L 3 and L 2 — > L4 can be found by using 
the permutations 2 — > 3 — > 4 — >■ 2, along with a — > a' = k — Z, 6 ^ —a, — > a + /, 
Z — > a + 6 + Z and a — ► a' = — (1 — a)/a, and also 2 — > 4 — > 3 — > 2, along with in this case 
a — > a" = —6, b^l — k,k^a + b + l,l^b + k and a — > a" = 1/(1 — a). From (|C.7| ) 
we then find 

D 3 = a 2 («+'-i)(l - a)" 2 ^ a" 2 ( a +0(l - a) 2a = A + — _ 2 ( fc + a ) , 

da 1 — a a ^ ^ 

£ 4 = a" 2& (l - a)^ b+k -^D" 2 a 2b (l - a)" 2 ^ = A + AA . 

da 1 — a 

Together with flCUD , (^TTJ) is equivalent to fld]) . 

For the analysis of the A/" = 4 superconformal identities a particular solution of the 
constraints ( JO ) is obtained by expressing Tj in terms of scalar functions li(«, v;t) 

r '=-^ F ' r S- (c - i2) 



(PI) and ( pj~T2D then give 



Ui — (Li jrs Li jrs + pipijYi , Wi jrsu — 3\di } [ r Li i8U ]Yi) gd , 

1 1 * (C.13) 

^*,r 9± s Li rs Y^ <9i r ( nL± su Li syYi ) ■ 
pi xz ' 

Writing 

Yi(u,v;t) = {h^Y^^Y^ih^fits-uY'y^v^^r), (C.14) 
then for i = 2, using ( |C.1|) with k = E, k + a = pi, k + b = p 2 , we find 

u 2 = Ai pl - E ' P2 ~ E) y 2 , w 2 = 6(v a - v T )y 2 . (c.15) 

A 2 and B 2 are then given by ( |C1| ) and (|C2| ) in terms of U 2 , W 2 in accord with ( |4.37| ). 

The other results may be obtained by cyclic permutations. For 2 — > 3 — > 4 — > 2, 

when a -> r/a, r — >■ 1/cr and i? — >■ E — p± — p 2 , then W 2 -> T Pl - E a P2 - p *- E U 3 , 
W 2 -> r Pi-^ (7 P2-p 4 -s+i W3) ^ 2 _^ rPl -£ aP2 - P 4-£+2 C3 and g 2 _^ rPl -i? aP2 -p4-E+2^ 3 _ 

For 2 -> 4 -> 3 -> 2, so that a -> 1/r, r -> a/r and £ -> + pi + p 2 , 
in this case U 2 -> r~ P2 a P2 ~ E Ui, W 2 -> r 1 ^ 2 a P2 - E W 4 , .4 2 -> t 2 " P2 a P2 - E £ 4 and 
£ 2 -> r 2 "P 2 aP 2 " E C 4 . 



However the representation ( |C.12 ) is not valid in general since it excludes contributions 



involving the £-tensor. Nevertheless equivalent results may be obtained by use of (|4.24|) . 
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With the expansion 

t2[rdl s ]U 2 +Pl^2[r^2,s] + Pi W 2t r su t 2u 

= (trt 4 ) Pl - £ - 1 (t2-t 4 ) P2 - i? (trt 2 ) S - 1 (t3-t4) P3 - 1 

h[rhs]h-Ut2-u(dM2 + P1J2 - ^Pi(A 2 + W 2 ) 

+ t 2[r t 4s] t v Ut 2 -t 3 (d' T U 2 -pi-fa + 0J2) + \pi{B 2 + w 2 )) 
+ t 1[r t 2s] t 2 -t 4 t 3 -t 4 ( T {{d a + d' T ){E - ad a - rd T ) + d a d' T )U 2 

-P1V2- hpir(A 2 - B 2 \ 



where d' T = d T + (pi — E)/r, then (|4.24| ) requires 



(C.16) 



6 dM2 = - 6pi J 2 + Pi (A 2 + W 2 ) = 2(p x + 1)A 2 - {O a - Pl )W 2 , 

1 (C17) 

6d' T U 2 = 6pi-(J 2 + aj,) - Pl (Ba + W 2 ) = -2(pj + 1)B 2 + (C CT -pi)W 2 , 
r 



using Q4.35|) for z = 2, which gives the first two equations in (|4.37| ). The remaining results 
in ( |4.37| ) can be obtained by using permutations. In addition with ( |4.36| ) we also obtain 



(pi + 1) ((O a - Pl + 1)B 2 - (O r - Pl + 1)A 2 ) 

= 6((E -\-ad a - rd T )(d a + d' T ) + d a d' T )U 2 
= -3((O a -p 1 + l)d , T + (0 T - Pl + l)d ir )U2. 



(C.18) 



It is then straightforward to see that (|C.18| ) follows from (|C.17|) using [O a , O t ] = O a — O r . 



Appendix D. Non Unitary Semi-short Representations 

In section 5 the analysis of the operator product expansion in general potentially 
required contributions below the unitarity threshold on the scale dimension A. We show 
here how such truncations of the full representation space arise for the superconformal 
algebra f\SJ7(2,2|4), following the approach in |2j0 

The essential results are found by considering the chiral subalgebra S77(2|4) (although 
no hermeticity conditions are imposed) which has generators Q l a , Sf, a = 1, 2, i = 1, . . .4, 
where 

{Q\, Sf) = 4(^(M/ + i S^D) - Sftfj) , (D.l) 



10 This reproduces an analysis in [32]. 
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as well as {Q l ai Q j p} = {5/*, S/} = 0. In ([Oj]) Mj 3 are generators of SU(2) and R*j are 
generators of 577(4), ^ i R\ = 0, with standard commutation relations. D is the dilation 
operator, with eigenvalues the scale dimension. The commutators with Q l a and Sf are 
then 

[i? j, Q fc Q ] = 5 k jQ l a — \5 l jQ k a , [.R l j, SV*] = —5 l kSj a + j-SV* , (D.2) 

[D, Q a] = 2~Q a , [D, Si ] = —-^Si . 



In terms of the usual J3 , J± 



t M -"] = (j! -X)> ( D - 3 > 



and it clear then that (Q\, Q z 2 ) and (S^ 2 , —<!?/) form j = \ doublets. In terms of a standard 
Chevalley basis E r , if r , r = 1,2,3, where = H ri E r +Jf = E r ~ with commutators 
[H r ,H s ] = 0, [E+,E S ~] = 5 rs H s , [H T ,E±] = ±K sr E s ± , for [K rs ] the 517(4) Cartan 
matrix, 

/ 2 -1 \ 
[K ra ] =1-1 2 -1 , (D.4) 
V -1 2 J 

then we may take R\ = E t +, R\ = E 2 + , # 3 4 = E 3 + and i$ = \{2>H X + 2H 2 + H 3 ) - 
Et=i ^r. 

For S'C/(4) <g> SU(2) highest weight states \pi, p 2 , P3; j) hw = \p;j) hw we have 

H r \p;j) hw =p r \p;j) h ™, Js\ P ;j} hw = j\p;j) hw , J + \p;j} hw = E+\p;j} hw = 0, (D.5) 

from which states defining a representation with Dynkin labels [pi, p 2 , ps]j are constructed 
by the action of E r ~ : J-. The representations of S77(2|4) may then be formed from a 
highest weight state which is also superconformal primary, 

D\p- j) hw = A|p;j) hw , S«\p;j} hw = 0. (D.6) 

The states of a generic supermultiplet, labelled by a£ p2 p 1 •, are obtained by the action of 
the supercharges, giving Yl i a (Q J a ) nia \p; j) hw with n ia = 0, 1, together with the lowering 
operators E r ~ . The possible SU (4:)<g)SU (2) representations [p{ , p 2 , p{]j' , with scale dimen- 
sion A', forming the supermultiplet a£ p2 - are obtained by adding the SU(4), SU(2) 
weights with rii a = 0, 1 so that 

Pr = Pr + ^2(n ra - n r+la ) , j ' = j + \ ^(nj 1 - n i2 ) , A' = A + ±^n ia , (D.7) 
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It is easy to see that dima^ i p2 p3]i = 2 8 d(p 1 ,p 2 ,p 3 )(2j + 1), where d(p 1 ,p 2 ,p 3 ) is the 
dimension of the 577(4) representation with Dynkin labels [pi,P2)f>3]- If hi ( P-7| ) any 
Pr or j' are negative the Racah-Speiser algorithm, described in |2^], provides a precise 
prescription for removing such \p{ ,P2,Pa]j'- 

Shortening conditions arise for suitable A when descendant representations satisfy the 
conditions ( |D.6|) to be superconformal primary. Since all Sf are obtained by commutators 
of Si 1 with E r + and J_|_ it is sufficient to impose only that Si 1 annihilates the highest 
weight state of the representation. In such cases we may impose that the appropriate 
combinations of Q l a annihilate \p;j) hw - For application here it is convenient to define, 
acting on states such that «/ 3 = 

Q l = Q\-^.Q\J-. (D.8) 

If J+\ip) = then J + Q l \ip) = and J 3 Q i \i/j) = (j - ^Q^)- From (pi]) we have 

kJiSi 1 ^ 1 } = (2j-J z -\b + \{?>H 1 +2H 2 +Hz))j-, \j{S l \Q 2 }=E l -J_. (D.9) 

It is straightforward to show that Q x \p] j) hw ~ \pi + l,p 2 ,p 3 ]j — h). The shortening 
conditions considered in p2|and previously are obtained by imposing 

Q l \ P ;j) hw = o \ % = \l , [ l Pl = ' n (D.io) 

1 ' j i = l,2,3 if pi = p 2 = , v ' 

I i = 1,2,3,4 if Pl =p 2 =p 3 = 0. 

In each case there is a consistency condition on A which can be found by using ( p.9| ) and 

(01), 

A = 2 + 2j + i(3p 1 + 2p 2 +p 3 )- (D.ll) 

The corresponding supermultiplet is here denoted by C[ PliP2 P3 ] : ,-. Detailed results were 
given in |2^1 , the SU(4) x SU{2) representations present may be calculated as in ( p. 71 ) 



with the restriction rii 2 = for those i listed in (p.!0|) for each case. 
There are also additional shortening conditions of the form 

(Q 2 --Q 1 Er)\p;j) hw = 0, pi>0, Q 1 Q 2 |0,p 2 ,p 3 ;j) hw = 0, (D.12) 

where the left hand sides correspond to highest weight states \p\ — l,p 2 + l,P3',j — \) and 
|0,p2 + l»P3;i — 1) respectively. Using ( p.9| ) these conditions then require 

A = 2j + U- Pl +2p 2 +p 3 ). (D.13) 
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For p 2 = the condition @XTg) extends also to (Q 3 - ± Q 1 ^" , Er])\p; j) hw = 0. The 



supermultiplet in each case is denoted by d[ Pl ,p2,p 3 ]j- The representations are obtained as 
in ( p.7| ) with 77,22 = 0, or if p 2 = then 71,22 = "32 = 0. For pi = it is sufficient to exclude 
"12 = n 2 2 = 1- 

These semi-short representations lead to decompositions of the generic multiplet, 

2+2i+l(3 Pl+ 2p 2+ p 3 ) 

[Pl,P2,P3]i ~~ L '[Pl,P2,P3]j ^ °[Pl+l,P2,P3]i-3 ' 

2 j+l!> (~Pi+ 2 P2+P3) ^ J m J (T) -\A\ 

a [Pl,P2,P3]j - a [P^P2,P3]j W a [pi-l,P2 + l,P3]j-2 ' y^- 1 *) 

2i+I(2p 2 +p 3 ) _ , 

a [0,P2,P3]i ~~ a [0,P2,P3]j ^ C [0,P2 + l,P3]i-l • 



Formally, as discussed in [221, we have 



C [Pl,P2,P3]- 1 ~ ^[Pl+ 1 ,P2,P 3 ] ' C [Pl,P2,P3]-l ~ ^[Pl,P2,P3] ' (D.15) 

where fr[ Pl ,p 2 ,p 3 ] is the short supermultiplet formed by imposing Q 1 Q |p;0) hw = where 
we require A = |(3pi + 2p 2 + P3). Just as in ( |L).15| ) d^ pi p2 ^_i may be identified 
with a multiplet obtained from the highest weight state \pi — 1,P2 + l,£>3;0) hw , with 
A = \{—pi + 2p2 + P3 + 1), annihilated by Q 2 a — ■ p ^-Q 1 a Ei~ . Formally we have 

d\pi,P2,p 3 }j — c [-pi-2, Pl +p 2 +p 3 +2,-p 3 -2]j , (D.16) 



where, in accord with the Racah-Speiser algorithm described in ||22|| , we may identify SU(4) 
representations [^1,^2,^3] — [— Pi — 2,p\ +P2 +P3 + 2, — ps — 2] which are related by an even 
element of the Weyl group. This allows the detailed representation content and dimension 
for d[ Pl ,p 2 ,p 3 ]j to be determined from the results given in f2^| . 

The generators of the superconformal group PSU{2, 2|4) are obtained by extending 
those of SU(2\4) to include the hermitian conjugates, Qi& = Q l a , S 11 " = Sf 1 ^, M^a = 
(McPY , with an algebra obtained by conjugation of that for SU(2\A), assuming l)t = —D 
and {R^y = R\. In addition {Si a ,Q jde } = {Q l a ,S jd } = and {Q ! a , Qjd} = 
25 i 7 (> a ) Q aP a , {S if \S/*} = 25 l J (a a ) da K a where P a is the momentum operator and K a 
the generator of special conformal transformations. The supermultiplets are generated 
from highest weight superconformal primary states |pi,£>2,P3;i, J) hw , where J is the SU{2) 
quantum number for J±,J3 obtained from M^a, which is annihilated by Si a ,S ia and 
K a . The representations are of course infinite dimensional, since they are generated by 
arbitrary powers of P a , but they are formed by a finite set of conformal primary rep- 
resentations, annihilated by K a , which are straightforwardly constructed from SU (2\4) 
supermultiplet representations, as described above, combined with with their conjugates 
formed by the action of Qia- For these j — > j and pi <-> p^. The generic supermultiplet 
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is denoted P2 P3 ](j j) where [771,772, 773] (j, j) ar e the labels for the representation with 
lowest scale dimension A. The conformal primary states form representations labelled by 
\p{ -iP2-,pi]{j' , j')-, with scale dimension A', which are given by 

Pr =Pr + ^2(n ra - n r+la ) + ^(n r+id - n rd ) , 

a a 

j' =j + \^{nn -n i2 ) , f = 3+ \^2,{n i2 -n»i), (D.17) 

i i 

A A -|- 2 ^ ^ ^ia "I - 2 ^ ^ ^id j ^iat ^ia 0, 1 . 

i,a i,ct 

The total dimension is 2 16 d(pi,p2,P3)(2j + 1)(2J+ 1). 

We here consider the case when shortening conditions are imposed for both the Q 
and Q charges. Requiring ( |D.10| ) with ( [D . 1 1| ) together with its conjugate we have the 
semi-short multiplets, 

C [pi,P2,p 3 )(j,3) » Pi -Pa = 2(j-i), A = 2+j+J + pi+p 2 +P3, (D.18) 

where we impose in ( |L).17| ) nia = n^i = 0, with further restrictions if p\ or 773 are zero. 
Requiring ( p.!2|) and ( p.!3|) in both cases gives 

V \pi,P2,P 3 ](j,5) ; Pi -P3 = 2(i - J) , A = j + j+p 2 , (D.19) 

and we require in ( p.!7| ) 77-22 = %i = 0. If P2 = 1 then we exclude 77.32 = 7721 = 1 while if 
P2 = then we require 1232 = nn = as well. Corresponding to ( P-16| ) we have 

^bl»P2,P3]0',j) — C [-pi-2,pl+ P2 +P3+2-p S -2](jj) ■ (D.20) 

This result has essentially been used in (|5.41| ). We may also impose ( P.10|) with ( p.ll] ) 
for the Q charges and ( p.!2| ) and (|D.13| ) for Q giving 

£ [pi,P2,Pa]UJ) ' P1+P3 = 2(J-J -1), A = 2+j+J+ 771+772, (D.21) 



and we may also obtain a conjugate £[ Pl ,p2,p 3 ](jj)- Only for (P.18|) , where A is at the 
unitarity threshold, is there a unitary representation. 

For relevance in section 5 we list the self-conjugate representations, when p± = P2, j = 
J, arising in ^[g,o,g](i,i)' obtained by the action of equal powers of the Q and Q supercharges 
for each A 



I 


£ + 1 


[q, 0, q]t 


[q-l,0,q-l] £+1 ,[q-l,2,q-l] e+1 ,3[q,0,q]i +1 ,[q+l,0,q + l]i + 1 
[q-l,0,q-l]t-i,2[Q,0,q]t-i,[Q+hO,q+ili-i 
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£ + 2 




[qf-2,2,qf-2]^ +2 ,[g-l,0,qf-l] <+ 2,2[g-l,2,qr-l]^ +2 ,4[g,0,g] £+ 2,[g,2,qr]^ + 2,[g+l,0,g+l] £+2 
[g-2,0,g-2] £ ,[ g -2,2,q-2]^5[q-l,0,g-l] £ ,2[q-l,2,g-l] £ ,8[q,0,g] £ ,[g,2,g] £ ,5[ g +l,0,g+l]^[ g +2,0,g+2]^ 




£ + 3 






[q-l,0,g-l]^ + 3,[q-l,2,g-l] £+3 ,3[ g ,0,q] £+ 3,[g+l,0,g+l]^ + 3 
[g-3,2, 9 -3] £+ i,[g-2,0,«-2] £+1 ,4[g-2,2, 9 -2] £+1 ,6[g-l,0,g-l] /+ i,6[g-l,2, 9 -l] £+1 
10[g,0,«] £+ i,4[g,2,qr] /+1 ,6[g+l,0,g+l] £+ i,[g+l,2,g+l] £+1 ,[g+2,0, 9 +2] /+1 
[g-l,0, 9 -l] £ _i,[g-l,2,g-l] £ _i,3[g,0,g] £ _i,[g+l,0,g+l] £ _i 






£ + 4 


[q,Q,q]g+4 

[q-2,0,q-2]t +2 ,[q-2,2,q-2]t +2 ,5[q-l,0,q-lU + 2,2[q-l,2,q-l] e+ ^ 

[q-2,2,q-2] e ,[q-l,0,q-l] e ,2[q-l,2,q-l] e ,4[q,0,q} e ,[q,2,q] e ,[q+l,0,q + l] e 



£ + 5 


£ + 6 


[q-l,0,q-l] e+3 ,2[q,0,q] e+3 ,[q+l,0,q + l] e + 3 
[q-l,0,q-l}i + 1 ,[q-l,2,q-l] e + 1 ,3[q,0,q} e + 1 ,[q + l,0,q + l] e+1 


[?»0»?]/+2 



Table 3. Diagonal representations for each A in ^[q,o, q ](^e,^e)- 

For application in the text we have the decompositions of self conjugate multiplets 

A2+2j+p+2q p mr ~ p 



C [ g +l,p,g+l](j-i,j-i) 



[o,p,o]0',j) 



© :P [g-l,p+2,g-l](j-i,j-i) > 

i> [o,p,o](j,j) © ^[o, P +i,o](j-i,j) © ^[o,p+i,o](i,i-i) 

©C[o, p+ 2,0]0-l,j-l) • 



(D.22) 



The first case represents the decomposition of a long multiplet into semi-short multiplets at 
the unitarity threshold, the second plays a crucial role in section 5 in relating the solution 
of the superconformal Ward identities to the operator product expansion. 
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